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Summary

This Ph.D. thesis is devoted to the study of specific problems related to the theories of
geodesics, rotary, geodesic, and almost geodesic mappings of manifolds with metric and
affine structures. The Introduction presents a brief overview of the results and works

related to the subject of the thesis.

The First Chapter deals with bifurcations of geodesics, i.e., with questions about the
existence of two or more geodesics passing through the same point in the same direction.
The original result is proof of the existence of surfaces of revolution that admit these
bifurcations. In response to this result, surfaces where bifurcation of closed geodesic exists
were constructed. Furthermore, (pseudo-) Riemannian and Kéhler product spaces that

contain these bifurcations are also constructed.

The Second Chapter is dedicated to rotary mappings and transformations. The Rie-
mannian space that admits rotary mapping and at the same time is not isometric with a
surface of revolution is found. This is a counterexample to known results. Another original
result is a description of a method that determines whether the rotary vector field exists in
(pseudo-) Riemannian space. The existence of this vector field yields the existence of ro-
tary mapping onto (pseudo-) Riemannian spaces. The chapter is completed with a detailed

study of rotary transformation.

The Third Chapter includes both geodesic and almost geodesic mappings. The geodesic
transformations of quadric surfaces of revolution are studied in detail. Finally, the main
equations of geodesic and almost geodesic mappings between some special manifolds are

found in the form of a Cauchy-type system of partial differential equations.

Results presented in the Ph.D. thesis were included, especially in monograph J. Mikes,
L. Ryparova et al. Differential geometry of special mappings, Palacky University, Olomouc,
2019.



Anotace

Disertacni préace je zaméfrena na studium nékterych problému spjatych s teoriemi geodetic-
kych ktivek, rotacnich, geodetickych a témér geodetickych zobrazeni variet s metrickymi
nebo afinnimi strukturami. Uvodni ¢dst predstavuje strucny piehled vysledku a praci

souvisejicich s predmétem disertacni prace.

Prvni kapitola disertacni prace se zabyva geodetickymi bifurkacemi, tj. otdazkami exis-
tence vice geodetik prochazejicich danym bodem ve stejném sméru. Puvodnim vysledkem
je dukaz existence rotacnich ploch, které pripoustéji geodetické bifurkace. V névaznosti
na ziskané vysledky jsou zkonsturovany plochy, na kterych existuji bifurkace uzavienych
geodetik. Déle jsou zkonstruovany (pseudo-) Riemannovy a Kéhlerovy produktové pros-

tory, v nichz existuji geodetické bifurkace.

Druha& kapitola je vénovana rotacnim zobrazenim a transformacim. Jsou zde nalezeny
Riemannovy prostory, které pripoustéji rotacni zobrazeni a zaroven nejsou izometrické
rotacnim plocham. Toto je protipfiklad k doposud zndmym vysledkum. Dalsim vysledkem
je popis metody, pomoci které lze uréit, zda v (pseudo-) Riemannové prostoru existuji
rotacni vektorova pole. Z existence zminovanych vektorovych poli pak vyplyva i existence
rotacnich zobrazeni na nékteré (pseudo-) Riemannovy prostory. Kapitola je ukoncena

studiem rotacnich transformaci.

Treti kapitola pojednava o geodetickych a témeér geodetickych zobrazenich. Studuji se
zde geodeticka zobrazeni rotacnich kvadrik. Jsou odvozeny rovnice geodetickych a témeér
geodetickych zobrazeni mezi specialnimi varietami ve tvaru uzavieného systému parcialnich

diferencialnich rovnic Cauchyho typu.

Vysledky ptedlozené v této préaci byly zarazeny zejména do monografie J. Mikes,
L. Ryparova et al. Differential geometry of special mappings, Palacky University, Olo-
mouc, 2019.
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INTRODUCTION

Study subjects of contemporary differential geometry

Geometric structures, their mappings, and transformations on smooth manifolds represent
the crucial part of contemporary differential geometry. Mainly, modern differential geome-
try focuses on mappings and transformations which preserve certain properties of geometric

objects, known as properties that are invariant under these mappings and transformations.

As stated below, geodesics have great importance in differential geometry and its appli-
cations. The history of geodesics goes back to the 18th century to the work of J. Bernoulli
and L. Euler. Next, geodesic mappings are known from the works of E. Beltrami [5,6] and
T. Levi-Civita [56]. The study of geodesic mappings was followed by a study of almost
geodesic and rotary mappings dated back to the 20th century.

Geodesic, almost geodesic, and rotary mappings are special diffeomorphisms that map
any geodesic of the first space onto geodesic, almost geodesic, and isoperimetric extremal of
rotation, respectively, see [47,56,71,95]. These topics are studied in detail in the monograph
[R1].

This Ph.D. thesis is dedicated to the topics mentioned in the previous paragraph. The
main subject of this thesis is a study of geodesic bifurcations, rotary, geodesic, and almost

geodesic mappings of (pseudo-) Riemannian spaces and spaces with affine connections.

Geodesics were first mentioned by Johann I. Bernoulli in his letter to Leibniz in 1697.
Details are described in monograph [R1, pp. 119-121]. There are many textbooks devoted
to the theory of geodesics, but geodesics also appear in many papers and special mono-
graphs about modern Differential Geometry, i.e. [1,15,18,21,22,24,43,44,56,74,80,82,83,
89,95,103].
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The First Chapter of the dissertation deals with a question about the existence of
geodesics. More precisely, there is an example of geodesic bifurcation, which can be de-

scribed as a situation where two or more geodesics pass through a given point in a given

direction, [R1, pp. 44-46], [R2, R5, R12], see also [1,103].

Rotary mappings were introduced by Leiko in [47]; these are mappings that take any
geodesic of one two-dimensional Riemannian space onto the isoperimetric extremal of ro-
tation of another two-dimensional Riemannian space. Leiko and others published many
papers on rotary mappings and related problems [45-55]. In particular, they pointed out
the importance of rotary mappings for physical applications [45,49, 55]. Leiko [51] also
studied infinitesimal rotary transformations, for other examples of infinitesimal transfor-
mations see [31,70,81,82,106-110]. Mikes, Sochor, Stepanova [79] found new equations of
isoperimetric extremals of rotation and Chudd, Mikes, Sochor [16] also presented a more

generalized definition of rotary mappings.

The Second Chapter of the dissertation is dedicated to a further study of rotary map-
pings. For example, we have constructed a counterexample to known results and found
conditions of the existence of the rotary mappings, [R1, pp. 137-148|, [R4, R6, R7, R9,
R10].

The Third Chapter includes new results in the theory of geodesic and almost geodesic
mappings. We found the equations of geodesic and almost geodesic mappings between
special manifolds, [R3, R11, R13, R14]. Further, we briefly present the theory of geodesic
and almost geodesic mappings. There are many different approaches to this theory, as well

as many results.

Geodesics and their generalizations are essential, especially in geometric structures
studies. Let us mention E. Beltrami [5,6] and his contribution to non-Euclidean geometry.
Mappings that preserve geodesics were also studied during Beltrami’s time, later known as
geodesic mappings. T. Levi-Civita [56] provided some interesting applications of geodesic

mappings in terms of dynamic processes modelling in mechanics. With this work, he

12



contributed to the basis of geodesic mappings in tensor form.

T. Levi-Civita [56], T.Thomas [105], H. Weyl [112] significantly contributed to the
theory of general properties and dependencies of geodesic mappings. T. Levi-Civita found
the equations describing geodesic mappings of Riemannian spaces and also found the metric
form of Riemannian spaces that admit geodesic mappings. T. Thomas and H. Weyl found
invariant objects of geodesic mappings. It is a fact that any space with affine connection
is locally projectively equivalent to some equiaffine space. These “standard” results are

stated and further developed in monographs by L. P. Eisenhart [21,22].

N.S. Sinyukov [95] derived fundamental equations of geodesic mappings of Rieman-
nian spaces, in a linear form, and thereby found conditions for the existence of the
geodesic mapping. He also proved that the main equations for geodesic mappings of
(pseudo-) Riemannian spaces are equivalent to some linear Cauchy-type system of dif-
ferential equations in covariant derivatives. J. Mikes and V.E. Berezovskii [72] dealt with
the same problem for geodesic mapping of spaces with an equiaffine connection onto Rie-
mannian spaces. This result holds even for spaces with a general affine connection. It
follows from the study of E. Cartan [13] and J. M. Thomas [104], see [22, p. 105]. In 1924,
they found a simple construction of projectively equivalent equiaffine connection, so-called

“normal” connection. Therefore, the result of Eastwood and Matveev [19] is trivial.

Following the study of geodesic mappings, the term degree of mobility of Riemannian
manifolds with respect to geodesic mappings was defined. It is a number of real parameters
on which a solution of a Cauchy-type system of partial differential equations depends. Here,
the existence of the solution of the system yields the existence of geodesic mapping. In
[42,60,68], the authors found a connection between the degree of mobility with respect to

geodesic mappings and degrees of isometric, homothetic, and projective transformations.

The geodesic mappings theory focuses on geodesic mappings of special spaces, namely
spaces with constant curvature, Einstein, equidistant, symmetric, semi-symmetric, recur-

rent spaces, and their generalizations, see [2,3,8,10, 11,21, 26-30, 44, 56-59, 61-65, 67, 68,
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70,73,76-78,80,84,95,96,113]. Geodesic deformations were studied by M. L. Gavril¢enko,
J. Mikes, and others [23,68, 70,80, 90].

Finally, let us mention a study of geodesic mappings of spaces with affine connection,

Finsler, and even more general spaces, i.e. [68,70,80,86,88,91,95,105,112].

Many monographs are dedicated to generalizations of geodesic mappings, such as almost
geodesic mappings, holomorphically-projective mappings, F-planar mappings, conformally-

projective mappings, and also their transformations and deformations.

The class of almost geodesic mappings is a natural generalization of the class of geodesic
mappings. N.S. Sinyukov [95] introduced mapping, which maps any geodesic onto almost
geodesic and entitled it almost geodesic mapping. He also established three types of almost
geodesic mappings and denoted them 7, 7o, and m3. Later, V. Berezovskii and J. Mikes
[9,69] specified this classification and proved that no other type than those three mentioned

above exists.

In 1962, A.Z. Petrov [85] studied quasi-geodesic mappings and showed that they could
be used to simulate physical processes and electromagnetic fields. Comparable results are
presented in the paper of C. L. Bejan and O. Kowalski [4]. The mappings 7o (e) are similar
to those mentioned above. All these spaces are connected with some affinor structure F

which can be interpreted as a force field.

The theory of almost geodesic mappings was developed by V.S. Shadnyi [92] and many
others [86-88,99, 100, 111]. Almost geodesic mappings of symmetric spaces were studied
by V.S. Sobchuk [97] and V.S. Sobchuk, J. Mikes, and O. Pokorna [98].

Nowadays, the theories of geodesics, geodesic mappings, and their generalizations were

developed in many directions, i.e. in works [19,20,32-36,41,101,102].
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The aim of the Ph.D. thesis

This Ph.D. thesis aims to study the existence of geodesic bifurcations. It also further
develops results in the theory of rotary mappings and transformations. Other subjects of

study are geodesic and almost geodesic mappings.

The main aims are:

— a detailed study of geodesic bifurcations and certain problems related to this topic;

— a detailed study of rotary mappings and transformations of (pseudo-) Riemannian

spaces and the analysis of their equations;

— a study of geodesic and almost geodesic mappings of some special spaces.

Methods

We use classical tensor calculus for Riemannian and pseudo-Riemannian manifolds and

manifolds with affine connection, in local form, as well as in global form.

Results

I. Geodesic bifurcations; [R1, pp. 44-46, 186-187], [R2, R5, R12]

— A surface of revolution that admits geodesic bifurcations was found.
— Based on the previous result, the bifurcation of closed geodesics was constructed.

— We constructed n-dimensional Riemannian and Kahler product spaces that admit

local geodesic bifurcations and also bifurcations of closed geodesic.
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II. Rotary mappings and transformations; [R1, pp. 437-448], [R4, R6, R7, R9, R10]

— We proved that there exist spaces which are not isometric to surfaces of revolution

and concurrently admit rotary mappings.

— We performed an in-depth analysis of rotary vector field equations and obtained

fundamental equations in the Cauchy-type form.

— We proved that any surface of revolution with differentiable Gaussian curvature ad-

mits rotary mappings.

— Lastly, we studied infinitesimal rotary transformations.

ITI. Geodesic and almost geodesic mappings; [R3, R11, R13, R14]

— We proved that under geodesic transformation, quadric surfaces of revolution map
onto surfaces of revolution, which are no longer quadric surfaces. Furthermore, these

surfaces are bounded in space.

— Additionally, we dealt with geodesic mappings of spaces with an affine connection
onto generalized Ricci symmetric spaces. We obtained equations of these mappings in
the form of a Cauchy-type system of equations in covariant derivatives. We specified

the number of parameters for this system.

— We considered geodesic mappings of Riemannian spaces onto Ricci-2-symmetric Rie-
mannian spaces. The main equations of the mappings were obtained as a closed
Cauchy-type system of differential equations in covariant derivatives. We estimated

the number of essential parameters on which the solution depends.

— We found conditions that must be fulfilled for the canonical almost geodesic map-
ping of m(e) type to preserve Riemannian tensor. We derived the main equations
of canonical almost geodesic mapping of m(e) type in the form of a Cauchy-type
system of partial differential equations (PDE’s). The number of real parameters was

estimated.
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Theoretical benefits and applicability of the results

The results obtained in the dissertation extend already known facts in theory of geodesics,

rotary mappings of (pseudo-) Riemannian spaces, and also in the theory of geodesic and

almost geodesic mappings of special spaces. Therefore, they are of theoretical importance

in the differential geometry of special manifolds.

The results can be used in various applications, such as in dynamic processes in elec-

tromagnetic fields, in the modelling of physical fields, mechanics, thermodynamics, etc.

The Ph.D. thesis has a character of basic research.

Author’s publications related to the Ph.D. thesis
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CHAPTER

GEODESIC BIFURCATIONS



This chapter is dedicated to questions about geodesic bifurcations. In other words,
whether there exists more than one geodesic passing through a given point in a given

direction.

We find examples of geodesic bifurcations on the surfaces but also on n-dimensional

Riemannian and Kéahler spaces.

1.1 Geodesics

The term geodesic is one of the most important terms in differential geometry theory but
also in differential geometry applications, i.e. in cartography, mechanics, physics, and

gravitational theory.

Geodesics are a natural generalization of Fuclidean lines in Riemannian spaces and also
spaces with affine connections. The theory of geodesic can be demonstrated in the theory of
relativity: geodesic are trajectories of the freely moving object in the curvilinear space, and
they replace the linear motion in Euclidean space. Currently, we can encounter geodesic
theory in global positioning system GPS, and the physical and mathematical value of this

theory is also well known since J. Bernoulli, L. Euler, and J. Lagrange.

In the present time, there exist different definitions of geodesics. We are going to use

a “classical” definition, which is stated in [21,22,56,70,74,82,84,95].

Let A, = (M, V) be an n-dimensional manifold M with an affine (or linear) connec-

tion V and let v: I — M be a regular curve on M.

Definition 1. A curve v is called geodesic if there exists a tangent vector field parallel

along it.

That means, for any value of a parameter ¢ty € I, where [ is an interval, the tangent

vector A(tg) of the curve v remains a tangent vector after any parallel transport. Therefore,
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the tangent vector A\(¢) of the geodesic v is recurrent, thus it holds:

VamA(t) = p()A(R), (1)
where p(t) is a function defined on the interval I.

The geodesic is parametrized with canonical (affine) parameter s if the equation (1)

can be rewritten in the form:
VasA(s) =0 forall sel’ (2)
That means the vector field A(s) is parallel along the geodesic.

Let us note that locally the canonical parameter of the geodesic always exists and arc

length of Riemannian spaces is always canonical.
Rather often, we call geodesic those curves that satisfy equations (2).
In local chart (U, z) equation (2) has following form:
ih(s) + F;‘j (z(s)) @' (s)d’(s) =0 (3)

where 2" = 2" (s) are equations of geodesic v on chart (U, z), I'}; are components of affine

connection V, also called Christoffel symbols of the second kind. Here and after we denote

W »

a derivative with respect to canonical parameter s.

The system (3) can be rewritten in the following form of ordinary differential equations

of the first order with respect to unknown functions z"(s) and \(s):
i(s) = A (s)
Ai(s) = =T (z(s)) (s) i7(s).
Here \"(s) denotes a tangent vector of the curve y(s) at the point 2" (s).
Initial conditions of equations (4)
2"(so) =l and  A'(sg) = Al (5)
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satisfy that geodesic goes through point x} in direction A} (# 0).

From the general theory of ordinary differential equations follows that equations (4)
with initial conditions (5) have a solution if F?J(x) are continuous functions. If func-
tions I'};(x) are differentiable, then the solution of Cauchy problem (4) and (5) is unique.
Moreover, the last-mentioned applies even if functions F?j (x) satisfy Lipschitz condition.
Geometrically speaking, the initial data (3) mean that for any point it is possible to find

a geodesic which passes through this point or even has the prescribed direction.

In [70, p. 89] was given an example of the space with an affine connection where the
components are not differentiable but continuous functions. In this case, there exist one

and only one geodesic passing through the given point zf in the given direction A3

Example 1. Let us consider a space A, with affine connection V defined in a certain

coordinate neighbourhood (U, x) by its continuous components
= f""(s), h=1,...,n,

the other components are vanishing. The solution of the Cauchy problem (3) and (4) was

obtained in the following explicit form

zh(s) w
/ exp (/ i) d7'> dw = \!'s.

0
The solution mentioned above is unique and exists in the whole neighbourhood U and from
this follows the geodesic passing through the point z} in the direction A} is also unique.
Let us remind that in this example, the components of the connection were continuous but

not differentiable functions.

1.2 Example of geodesic bifurcations

We show bifurcation of geodesics on surfaces of revolution where two different geodesics go

through the same point in the same direction. A different approach can be found in [103].
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Here, the term bifurcation of geodesic stands for a situation where different geodesics
connect two different points on the surface. That means these geodesics pass through the

same point but do not have the same tangent vector.

Let S; be a surface of revolution given by the equations:
r=r(u)cosv, y=r(u)sinv, z=z(u), (6)
where v is a parameter from (—m,7) and v € I C R, where I = (uy, ug).

In these equations we exclude meridian corresponding to v = w. Naturally, we also

exclude “poles” which correspond to r(u) = 0.

Surface of revolution S given by equations (6) has following metric

ds? = (r*(u) + 2% (u)) du? + "% (u) dv*.

Assume u is a canonical parameter of the forming curve (r(u),0,z(u)) then it holds

*(u) + 2’*(u) = 1. For this case, a metric of the surface S is

ds? = du® + r*(u) dv?.

Let us simplify the above and denote f(u) = r*(u). Nonzero components of metric and

inverse tensors are
1
g1 = 911 =1, gn= (922) = f(u).
Non-vanishing Christoffel symbols of the first kind are 'iop = Iyp = 2 f/(u), gy =

= —1 f'(u) and nonzero Christoffel symbols of the second kind are:

L f'(u) 1
F%ZZFglzém’ Ty = =5 f'(w),
Further, let u = z' and v = 2?. We can rewrite the equations (3) of geodesics on

surface S in the following form:

Fw)

7w @)
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Since the parameter s is canonical (arc length) it implies that the tangent vector of

these geodesics is unitary, i.e. the first integral applies:

w? + flu)v® = 1. (8)

Trivially, we verify that u-coordinate curves (u = s, v = const, i.e. “meridian”) are
geodesic. In general, the same does not apply for the v-coordinates, v-curves are geodesic

if and only if f'(u) = 0 (here and after, we will refer to them as gorge circles).

Further, let us study geodesics, which are none of the mentioned above. Suppose that

v(s) # 0, i.e. 0(s) # 0. Then, we can rewrite the second equation in (7) in the form

o flw)
After modification and integration by s we get
Cy
v=——, (C;€eR. 9
@ ¥
. .9 C’12
Using (9), from (8) we get @° + f(u) ) = 1, therefore
u
C,?
U=4/1— : 10
) 1o

Finally, the equations (9) and (10) determine a system of differential equations of the first

order.

Now we construct an example of rotational surface &, where bifurcation mentioned

above exists.

Let us choose function

1

) = o= (: flu) = ﬁ) Cue(=11).

On the one hand, function r has to be continuous to guarantee the existence of Christof-
fel symbols and the possibility to write equations of geodesics. On the other hand, Christof-

fel symbols can neither satisfy the Lipschitz condition nor can be differentiable functions.
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Otherwise, there would be a unique solution of the system, thus a unique geodesic and

bifurcation would not exist.

Theorem 1 ([R2]). Geodesic bifurcations exist on the above-mentioned surface of revolu-

tion S given by the equation (6) for a € (0.5,1).

Proof. The statement can be proved by the existence of geodesics given by the equations:

1 —a)s)i (11)
II. u=(1-a)s)™*, v=s— (@ 1+)a) .

It is straightforward to verify that curves given by the equations (11) are geodesics. We

prove it by the direct substitution in fundamental equations (9) and (10).

These two geodesics pass through the same point (0,0) and have the same tangent

vector (0, 1).

The first one shall be called a trivial geodesic (as mentioned above also called gorge
circle) and the second one non-trivial geodesic passing through the point (0,0) in the

direction (0, 1).

We note a remarkable fact that the consequence of this statement is that geodesic
bifurcation exists in each point of the gorge circle since the given surface of revolution is
symmetric. Furthermore, there exist an infinite number of geodesics going through the

point (0,0) in direction the (0, 1).

Moreover, the surface S has the metric ds? = du®+47r2(u) dv?, and since any surface with
this metric admits a non-trivial geodesic mapping, then projective corresponding spaces

preserve geodesic bifurcations mentioned above. [

Remark 1. If we set f(u) = —————, then metric of the surface S is indefinite and the
U «

1 —
equations (11) describe geodesic bifurcation on pseudo-Riemannian space.
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1.3 Bifurcation of closed geodesics

The construction of a surface, where the bifurcation of closed geodesic would exist, is based
on the results in the previous part. We consider a certain neighbourhood along the gorge
circle of the surface & where bifurcations exist. First, let v be a geodesic which starts at
the point (0,0) and goes in the direction (0,1). Next, we suppose that this curve has its
“end” also on the gorge circle and is also part of some non-trivial geodesic. That is possible
because we create a surface of revolution thus it has to be symmetrical. The goal here is
to connect those ends with the curve that would form the surface, i.e. lies on the surface

of revolution.

Since we have some starting part of the curve ~, we can calculate functions @ and v at
the known point 3, for § > 0. We denote canonical parameter corresponding to this point
as sg, then

ﬂ(Slg) = Ug and Q)(S/g) = @5.
Therefore, after substitution in the equations (9) and (10) we obtain

S, G
Flu) 7 Flua)

s = 41

Let us consider a certain point B, the extremal point, on the geodesic curve v at which
the tangent vector is the same as the tangent vector at the starting point but does not have
to be unitary. Furthermore, we suppose that the point B also lies on the gorge circle where
bifurcations exist. We take another neighbourhood along the gorge circle of the surface S
and move along the axis z (axis of rotation), so the point B lies on the second gorge circle.

Similarly, we denote functions corresponding to the point B as follows
ﬂ(SB) = ’[LB and "[}(SB) = Q'JB.

Again, after direct substitution in the equations (9) and (10) we get

e
T ) T sy (12)

up = /1
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As we mentioned above the tangent vector at the point B should have the same direction

as vector (0, 1), thus
Ct
f(up)

?lBEOI 1-—

From it yields that
flup) = CF,

where (' is a real constant. We verify that the result also satisfies the second equation

from (12)

@B_i—ﬁzcy

flug) — CF

Trivially, we see that the vector (0, Cy) has the same direction as the vector (0, 1).

The situation is illustrated in the Figure 1.

[0g,% ]

Figure 1: The graphical representation.

Finally, we have have two points A and B of the geodesic v and certain neighbourhoods
around these points where bifurcations exist. The rest of the geodesic is constructed as

smooth curve that has to satisfy equations (9) and (10).
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In the global scale, the situation is demonstrated in the Figure 2.

TN

Figure 2: Global situation.

1.4 Geodesic bifurcation of product spaces

1
A Riemannian manifold V,, is called product manifold of the Riemannian manifolds V,,_,

2 m

Vigy s Voo (g 4+ng+ -+ +n, =n)
1 2
Vo=V, 0V, ® -V, (13)
if the metrics are related by
9= @G & gm-

Locally, this means that there exists a coordinate system (z?) such that the metric forms

of these Riemannian manifolds satisfy

ds* = ds] +ds3 + ... +ds?,,
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where

ds®> = g;j (#F)da’da?  and ds? = E,%jo (z%) da's dat
i, J, k= <17n>; by Jor ko = <paa7na>

1:p1§T1<p2§T2<"'<pm§rm:n'

It is known [70, pp. 192] that a product manifold V,, with metric

g=(0191) ® (a292) ®@ -+ @ (W Gm), where  a, #0
admits affine mappings f : V,.(M, g) — V,.(M, g).

By analysing equations (3), we can verify that the geodesic v in product manifold

V. = (M, g) can be generated by geodesic § CV, fori=1,2,...m like follows
1 2 m
V=7 Y7T® -7,

while among these geodesics v there can exist “trivial geodesics” which are points in the

k k

i = g = const.

space, i.e. they are defined by the equations x 1

Kahler manifold K, is a Riemannian space with a metric ¢ and a structure F' that

satisfies following conditions

F?=-1d, g(X,FX)=0, VF=0,

for any vector X, where V is Levi-Civita connection of the space.
From the one side, it is basic to verified that the product space of the Kahler spaces
1 2 m

K,=KK®--- 0K
is also Kahler space with structure which have analogical construction
1 2 m h
F=F®F®---®F, ie F'=F!,

for o0 = 1,...,m, and the other components of the structure F' are vanishing.
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From the other side, two dimensional Riemannian manifold is always Kéhler, see [70,

pp. 130], where the following holds
. 0 1
Fih = €z'jg]h, €ij = \/ 911922 — 9%2 ) )

Next, we use the previous construction of the product spaces for a similar construction

of geodesic bifurcation in n-dimensional Riemannian spaces and also for Kahler spaces.

i
Evidently, it is sufficient to take one of the components V of the product space (13),

1
described above, as the space with metric (11). For example, if V is the space with the
metric described by the equation (11) and this space has a geodesic bifurcation at the

point '1y(0) then it is obvious that geodesic
1 2 m
T=VYRQ QY
has a geodesic bifurcation at the point (0).

Using the same idea, we can construct n-dimensional Riemannian spaces where the
geodesic bifurcations would exist. Similarly, it is possible to create n-dimensional Kéahler

spaces which also admit geodesic bifurcations.

2 m
Let us note that the geodesic bifurcations may not exist in other spaces V,... V. In
, i
case there exists a geodesic bifurcation at the point fy(O) of the space V then the image of

the geodesic in the product space V,, would be much more complicated.

If we use the global results about geodesic bifurcations obtained and described in the
paper [R5], where the bifurcations of closed geodesic are constructed, it is also possible to
construct an n-dimensional Riemannian and Kéhler manifolds where bifurcation of closed

geodesic exist.

Moreover, based on the construction of the product spaces, we can also construct
pseudo-Riemannian spaces with geodesic bifurcations of isotropic geodesics, i.e. geodesics

which have vanishing length.
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12 1 2
Example 2. Let V =V ® V be product space of the spaces V and V, and let

Givjrs 01 =1,20 Giyjy, G2,J2=1,2

12
be the positive and the negative metric forms of spaces V, V respectively.

1 1
In the Riemannian space V the geodesic % has a bifurcation at the point %(0) (space V
can be the space from the previous subsections). Then the length of the vector is |#(O)| = 1.

2
Let us suppose that in Riemannian space V there exists a geodesic ’Qy for which |%(0)| = 1.

Then the geodesic v for which

has tangent vectors A’ for which
N = d:lzci1 /At and A2 = dzgiQ /dt.

Since g;,;, is a positive form and g,,;, is a negative form, it is evident that |A| = 0 because

|/\| = \/giin)‘j = \/gi1j1 NINIT gi2j2)‘i2)‘j2 = \/1 —-1=0.

This subsection further develops some results and ideas from the papers [R2], [R5]. The
n-dimensional Riemannian product spaces and also Kahler product spaces which admit

local geodesic bifurcations and also bifurcations of closed geodesics are constructed.
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II.

CHAPTER

ROTARY MAPPINGS AND TRANSFORMATIONS



This chapter is dedicated to the study of rotary mappings and transformations. These
are direct generalizations of geodesic mappings and transformations. Here, it is a gen-
eralization of a geodesic variational problem and also a variational problem of geodesic

mappings of surfaces.

2.1 Isoperimetric extremal of rotation

Leiko introduced the term of isoperimetric extremal of rotation on surfaces S and two-
dimensional Riemannian spaces Vy with metric g, see [47]. These curves are defined as

a solution of the special variational problem on Riemannian spaces.

Definition 2 ([47]). A curve ¢: x = z(t) on surface or on two-dimensional (pseudo-)
Riemannian space is called an isoperimetric extremal of rotation if £ is an extremal of the

functionals 0[] and s[¢] = const with fixed ends.

Here

sm:/tl A[df and e[z]:/tl k(1) dt,

to to
where k(t) is the curvature and || is the length of the tangent vector A of /.

In [47,52] Leiko proved that a curve ¢ is an isoperimetric extremal of rotation if and only

if its Frenet curvature k£ and Gaussian curvature K are proportional
k=c-K,

where c is a constant. For special case ¢ = 0 the equation represents a geodesic.
Mikes, Stepanova and Sochor [79] derived new simpler form of equation of isoperimetric
extremal of rotation

Vsid=c- K- F),
where ¢ is a constant, s is the arc length, F' is a tensor G) which satisfies the conditions
F?=—¢-Id, g(X,FX)=0, VF=0.
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For Riemannian manifold Vy is e = +1 and F' is complez structure and for (pseudo-)
Riemannian manifold is e = —1 and F is a product structure. This tensor F is uniquely
defined (with respect to the sign) using skew-symmetric and covariantly constant discrim-

inant tensor ¢;;, which is defined

‘ 0 1
F]h = g’”gij, €ij = 911922 — 9%2| )

-1 0

2.2 Rotary diffeomorphism

In work [46,47] Leiko introduced the term rotary mappings between two-dimensional Rie-
mannian spaces. Chudd, Mikes and Sochor [16] later generalized this definition for the

manifolds with affine connection.

Definition 3. A diffeomorfism f of two-dimensional manifold A, onto two-dimensional
(pseudo- )Riemannian manifold Vy is called rotary mapping if any geodesic in A, is mapped

onto isoperimetric extremal of rotation in V.

Chudd, Mikes and Sochor [16] formulated necessary and sufficient condition for the
existence of the rotary mapping of the space with an affine connection A, onto the Rie-
mannian space V,. This condition is the existence of a special torse-forming vector field 6

(in Vy) which satisfies
Vil =0 (0(X)+ VyK/K)+v X (14)

for any tangent vector X, where V is the Levi-Civita connection on Vy, K is the Gaussian
curvature, v is a function, the form © is defined as ©(X) = ¢g(¢, X), and g is a metric of

the space Vs.

The condition mentioned above is also the necessary and sufficient condition of the

existence of the rotary mapping between Riemannian spaces, see [47].
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2.3 On spaces admitting rotary mappings
2.3.1 Counterexample of spaces admitting rotary mappings

Leiko [47] also proved that the existence of the vector field 6 is a necessary condition for
the existence of the rotary mapping between two-dimensional Riemannian spaces V5. The
vector field 0 has to satisfy the necessary condition (14). Locally, equations (14) can be

rewritten as follows

0" = 0"(6; + 0;In | K|) + vl (15)

In the paper [47], see also [48,52,54], Leiko claims the equations (14) imply that the
space Vs is isometric with a surface of revolution. From the form of the formula (14), Leiko

assumed that the vector field 6 is concircular. Therefore, he obtained this result.

In the next part, we prove that the statement mentioned above is not valid, i.e. the
following theorem holds (Mikes, Ryparova, Chudd, a short form of this result is presented

in [R6]).
Theorem 2. There exists a Riemannian space Vo which is not isometric with a surface of

revolution and where the vector field satisfying equations (14) exists.

Proof. The existence of a vector field # is the necessary condition for the existence of the
rotary mapping between the manifold A, and (pseudo-) Riemannian space V,. This vector
field is a special type of torse-forming vector field, which was defined by K. Yano [114] and
which has to satisfy the condition (14).

Riemannian spaces Vy where such vector field exists are characterized in semi-geodesic

coordinates x with a metric it the following form:
ds? = (dx1)2 + f(ah, 2?) - (dxz)z. (16)
It is known that this form of the metric always exists in any (pseudo-) Riemannian
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space V5. As it was mentioned above, this coordinate system is called a semi-geodesic

coordinate system.

Now, we compute non-vanishing Christoffel symbols of the first and the second kind,

and the Gaussian curvature K of V:

o = Ta1p = 1/2 fi, Ton = —1/2 fi, Tan= 1/2 fo, and

©,=r =120 L= ipp =127
f f
R 2
K _ 1212 5 _ _& + (ﬁ) ’
g11922 — 9o 2f 2f

here and further we denote f; = 9;f, 9; = 9/0x" and analogically f;; = 9;;f. To simplify

this relation, we use substitution F' = f;/f, and thus we obtain
K=-1/2F —1/4F? (17)
where similarly as above F; = O F.
After lowering indices in (15) we get
Oni = On(0; + 0K/ K) + vgni, (18)
where 0; = ¢;,0".

From which follows ' = 6, and additionally, we suppose that in chosen coordinate

system 6% = 6, = 0 holds.

For indices (hi) = (12) from (18) and after lowering indices we obtain 0s6, = 6,-0, K /K
and after integration we get

91 = %(i[)l)K,

where ¢ is a function of variable z!. Evidently, for (hi) = (21) formula (18) is identity and

for (hi) = (11) and (22) we get following equations
1
v==0,—-0°-0,0,K/K and v= 3 0. f1/f.
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We merge these formulas and obtain following equation

/
2 koLl S
» 2 f
Therefore, from (17) we get the equation
1 1 »
Fl=—-F+-F-2 = 19
5+ L (19)

which is a differential equation called Riccati equation, see [40]. Here, symbol “’” denotes

a derivative with respect to variable 2! and in these formulas z? is a parameter.

Equation (18) with a given function »(z') is a well-known Riccati equation for an

unknown function F; the variable x?

is a parameter. A general solution of this equation
depends on one arbitrary function of 22, which plays the role of the constant of integration.

Since Oy In |f| = F, integration yields

f=c(z?) -exp ([ Fdz'), (20)

where c(z?) is a differentiable function.

The above considerations lead to the following theorem [R6].

Theorem 3. Let Ay be a space with affine connection, Vo any (pseudo-) Riemannian
space, and let f be a rotary mapping of Ay onto Vy. Then, the local structure of the metric

of Vo has the form (16), where the function f satisfies conditions (19) and (20).

It is well known that if f can be represented as f = a(z!) - ¢(2?), then the space Vy is
isometric to a surface of revolution. This condition holds, i.e., in the case c¢(z?) = const,

in which the integration constant in Eq. (16) is indeed a constant.

It is obvious that in the general case, the function exp ( f F dxl) depends on both
variables o' and 2%. From which follows that the space V, is generally not isometric to

a surface of revolution.

More precisely, the space V5 is isometric to a surface of revolution if and only if there

exists a concircular vector field ¢ satisfying the equations Vx& = p X. Considering the

37



integrability conditions for these equations, it is straightforward to verify that they have

a nontrivial solution only in the case where the following partial differential equation in f

holds:
0o Ky — O Ky + 01 Ky - (fK /Ky — Ko/ Ky) + 1/2 . FK22/K1—
—Yo  fFKy + s iK = Yo - Ko fa/f =0,
where, as above K = —'5 Fy — Yy F? and F = f,/f.

Obviously, functions satisfying the conditions in Theorem 3 do not generally satisfy

this equation, which proves Theorem 2. O

2.3.2 On equations (19)

Using substitution F' = 2 - u'/u we get a linear differential equation of the second order
respective unknown function u
, 1 P

Loz 21
U= = —u (21)

The general solution of equation (21) can be written in the following form
u = Crug(zh) + Coug(zh),

where C) = C1(2?) and Cy = Cy(z?).

Let us assume that U(z') is a particular solution of differential equation (21). We

substitute this solution into differential equation (21) and then we obtain

" /

w =P

U U
It is the Bernoulli differential equation, which can be transformed into an inhomogeneous

1
linear differential equation using substitution v = — like follows

4
v’——L—{/anLi/
U U

The last equation can be solved using method of variation of parameters from which we
!/

U
obtain v = " therefore s = 0 From it follows that one from the solutions of the equation
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(21) with a priori given s(x!) is

U= ef 1/sda?!

If the functions Y and V are two solution of the differential equation (21) it is possible

to form their Wronskian

u v
W = =Uy - vu'.
ul V/

Then, after differentiating W and using (21) for & and V we get

u v u v U 1%

1
W' = + = =—W
u v u" v U [se —U -3 [3* V'] —V -3 )33 »
, 1 . .
Because W' = — W we get this relation
7
W =C, -l /e (22)

where (] is a constant of integration.

/

1 U 1
Because — = — then /— dr' = In|U| and from (22) we obtain
x U ”

UV —vu' =, -l

/
therefore, we get a linear inhomogeneous differential equation V' = N VY + (.

!/
Firstly, we solve the related homogeneous equation V' = 7 YV and we get the solution

Y = (C'-U, where C is a constant of integration.

Secondly, using the method of variation of parameters, we suppose that C' is a function
of the variable z' and then we obtain C' = / % da! thus, the other partial solution of
(21) is

V:C’l-u-/édazl—l—Cg,

where Cy is a constant of integration. As above C; = C}(z?) and Cy = Cy(2?).
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Finally, if a certain particular solution of the equation (21) is known, it is possible to
find the other particular solution, therefore, the general solution of this equation. From this
follows that the vector field # which satisfies the conditions (18) always exists. Generally
speaking, the Riemannian space V, given by the metric in the form (16) is not a surface

of revolution and the Theorem 2 is valid.

2.3.3 On rotary vector field

In this part, we focus on so-called rotary vector fields. These are the vector fields that
satisfy equation (14), which can be in local chart rewritten like follows (15). A vector field
satisfying equations (15) does not exist in any space. We show a method that helps us find

this vector field in Vy or prove its non-existence.

We rewrite equations (15) in the “covariant form”, i.e. we find an expression of covariant

derivative of 6, ;. Therefore, we obtain (18):

Qiﬂ' = QZ(HJ + GJK/K) + l/gij. (23)

These equations given in V, form a system of PDE’s for unknown functions 6 (x), 02(z),

and v(z).

We find the integrability conditions of the equations (23). After covariant derivation of

k

(23) in direction " we obtain the equations

ei,jk = (%k(ﬁj + @K/K) -+ Hi(ﬁm -+ ij In |K|) —+ gijl/,k-

Now we substitute (23) to the previous equation, and we get

Ok = 0:(0; + 0;K/K)(0p + O, K/K) 4+ vg,(60; + 0; K/ K)+
+91(9j(91§ + akK/K) + l/’kgij + 8jk.(1n |K|))

We alternate the last formula with respect to indices 7 and k. Based on the Ricci

identity it holds 0; jr — 0;x; = Hajok, where R?jk are components of the Riemann tensor
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of V5. We obtain the integrability conditions

Ol = gin ((0; + O, K/K) v —v;) — gij (O + O K/K) v — vg) +
10:(0,00K — 0,0,K)/K.

It is known that for space Vs it holds R, = K(0}gix — 0jgi;). Therefore, we get

(24)

4 0,(0,0,K — 0,0,K) /K = 0.

After contraction of (24) with g“ (||g”|| = ||gi;||~") we have
Vi = l/(@k - 8kK/K) - KQ;C - Qaeggaﬁf)kK/K + 0k9a59a85K/K. (25)

It can be easily verified that the system of equations (23) and (25) forms a closed
Cauchy-type system of PDE’s in covariant derivatives respective unknown functions 6;(z)

and v(z).

Finally, we obtain the following theorem, [R7].

Theorem 4. A two-dimensional (pseudo-) Riemannian manifold Vo admits rotary vec-
tor field 0 if and only if the following closed Cauchy-type system of PDE’s in covariant

derivatives has a solution with respect to functions 0;(x) and v(x):

«91-,]- = 91(93 + @K/K) + V3gij, (26)
vy = l/(@z - E)ZK/K) - KQZ - Oaﬁgg"‘ﬁ@iK/K + Higo‘ﬁ(?a@ﬁK/K.
For initial data (i.e. initial Cauchy conditions)
0:(x0) = 6] and v(z) = v, (27)

where g € Vy € C? the system (26) has at most one solution 6;(x) and v(z).

We can replace the condition Vo, € C? (i.e. the space is a 3-times differentiable space)

with a weaker condition, that is g € C® and the Gaussian curvature K € C'.

Further, let us note that from the conditions (27) follows that the general solution (26)

depends on no more than 3 real parameters. These are, for example, numbers 6? and vy.
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2.4 On rotary mappings of surfaces of revolution

This subsection is devoted to the study of rotary mappings of surfaces of revolution and
Riemannian manifolds which are isometric with these surfaces. These questions were stud-
ied by Leiko [45,47,48,50,52-54]. He proved that special surfaces of revolution admit

rotary mapping [47].

Ryparovéa and Mikes [R4] proved that any surface of revolution with differentiable Gaus-
sian curvature admits rotary diffeomorphism and the same holds for (pseudo-) Riemannian

spaces. These results have local validity.

Leiko [47] has studied rotary mappings of surfaces of revolution. In [47] the metric of

the surface Sy has the form

ds* = f(r)dr® + rdy”. (28)

He analyzed the equations (15) and proved a theorem that vector fields 6 exist in Rieman-
nian space Vs if and only if Vs is isometric with the surface of revolution S; and the metric

of Vy has one from the following forms:
. f(r) . )
9ij) = diag(f(r),r),
) = a5 e
(gi;) = B*f(r) diag(f(r),7?), where A#0 and B are const,

above-mentioned was formulated in Theorem 2, see [47].

Note that the metric ds? = (dzt)® + f(2!)(dz?)” of the surface of revolution S, is more

general than the metric in form (28).

In the following part, we shall prove that all surfaces of revolution admit rotary map-
ping. Moreover, there exists a rotary mapping between space A, and any Riemannian space
Vs, that is isometric with the surface of revolution Sy, and also any (pseudo-) Riemannian

space V,, whose metric has the form ds? = (dz!)” + f(z1)(da?)”.
Note that all obtained results have local validity.
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New results in theory of rotary mappings. Now, we prove that vector fields
described in (15) exist in any Riemannian space Vy which is isometric with surface of

revolution Sp. Therefore, following theorem holds (Ryparova and Mikes [R4]).

Theorem 5. Let Sy be a surface of revolution and Ay space with an affine connection. If
Gaussian curvature K of the space Sy is differentiable then there exist a rotary mapping of

Ay onto Ss.

Proof. To prove this theorem, we use the results presented in [16]. Therefore, if we prove
that vector fields satisfying condition (15) exist on any surface of revolution S, then rotary
mapping between A, and S, exists. We choose the metric of the surface of revolution S,
in the following form:

ds* = (dx1)2 + f(a) (dx2)2. (29)
Therefore, the Christoffel symbols of the first kind are

1 1
o2 = T2 = §f/(I1) and I'g = —if/@l%

the others are vanishing. The Christoffel symbols of the second kind are
1 f(2) 1

F%z = F%l = 2 f(a) and F%z = _if/(xl)-
1 1Y 2 1 (2t
We calculate the Gaussian curvature K = — fa) _ L (= )
4\ f(a) 2 fah)
Let us suppose that 0" = a(x') 6%, thus from (15) we obtain following equations
! 1 1 (Al
d(z') = a(zt) - (a(xl) + ?) +v(z') and 5 a(xt) J;C((xxl)) =v(a').

Next, we merge these equations and obtain the following relation

K 1f
a’:a2+a-(?+§f7).

This equation is a Bernoulli differential equation. Using the substitution u = 1/a, we get

the inhomogeneous linear ordinary differential equation

u’:—l—u-(%,—k%f?/).
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Now, we use the method of variation of parameters to solve the equation and we get
c(zh)

u(x!) = ———=-—. From this follows that /(z') = —K+/f(z!), thus

K\/f(zh)
() = K\/ﬁ (-/KW@&) |

Considering Gaussian curvature K has a special form stated above, we obtain

1 1( 1
u(z') = ——— | C + @) ,  where C' = const.
K/ f(a?) 2/ f(ah)
Consequently, the function a(z') has the following form
1 2K - f($1>

a(x’) = .
fr@t) +20/f(2)

Since the function a(z') has to be differentiable, so does the Gaussian curvature K of
the surface S;. Therefore, vector fields exist for any surface of revolution, and the theorem

is proved. O

As was mentioned above, the metric (29) of the surface of revolution Sy is more general

than the metric (28) used by Leiko in [47]. Unlike the metric (28), it includes gorge circles.

In the proof of Theorem 5 the metric is used in the form (29), therefore, Theorem
5 holds for any Riemannian space V5 which is isometric with surface of revolution S,.
Moreover, it holds even for pseudo-Riemannian spaces which have indefinite metric, in

case f(z') < 0.

The general solution of (15) in system (29) is therefore
9K f
f'+20VF

0" =a-6"  where a(z!) (30)

and depends on the real parameter C'.

Let us consider a certain rotary mapping between Riemannian space V, and the man-
ifold with affine connection A, that corresponds to a certain real constant C. We denote

such manifold as Ay(C).
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Theorem 6 ([R4]). Manifolds with affine connections Ay(C,) and Ay(Cp), Cy # Cg are

not geodesically equivalent.

Proof. Suppose that Ay(C,) and Ay(Cjs) are images of the Riemannian space Vs in the
rotary mapping and let C,, # Cjs. Then for the affine connection components 77;(z) and

TZ(x) of these spaces, respectively, the following equations hold

TZ@“) = Fz(x) + 5&1/_0') +0" - gy,
where v;, " and 1;, 6" are solutions of rotary mappings V, — Ay(C,,) and V, — Ay(Cp),

respectively.
We subtract these equations and get
Tii(@) = Tiy(x) = 0y — Oy + (0" = 0") - gy,
therefore
5&-&}]') + (Q_h — eh) . gij = 0
For indices h = 1, resp. h = 2 we obtain

Swi) + (01 —0") - g;; =0, resp.  dwj) =0,

thus wy = 0, w; = 0. From w; = 0 it follows that " = #*. Using (30), we obtain

2K-f  2K-f
J 20T T+ 20 T

therefore, C, = C3 which is a contradiction with assumption C, # Cj thus the theorem is

proved. O
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2.5 Infinitesimal rotary transformation

This subsection is devoted to further study of a certain type of infinitesimal transformations
of two-dimensional (pseudo-) Riemannian spaces, which are called rotary. An infinitesimal
transformation is called rotary if it maps any geodesic in (pseudo-) Riemannian space
onto an isoperimetric extremal of rotation in their principal parts in (pseudo-) Riemannian
space. We study basic equations of the infinitesimal rotary transformations in detail and

obtain the simpler fundamental equations of these transformations.

2.5.1 Basic definition of infinitesimal rotary transformation

First, let us define the term of the infinitesimal rotary transformation of two-dimensional

(pseudo-) Riemannian spaces V.

Let us consider an 2-dimensional (pseudo-) Riemannian space Vs, with the Levi-Civita

connection V. We denote = = (2!, 2%) a coordinate system on the space V.

A curve (: x = x(t) is a geodesic if and only if V:A = p(£)A, which can be rewritten

into a coordinate form

dN"Jdt + TP 5 (z (1) AN = p(t)\", (31)

where A(t) = dz(t)/dt is a tangent vector of ¢, I'); are components of the connection V,

and p(t) is a function of parameter t.

A curve /: x = Z(t) is an isoperimetric extremal of rotation if and only if the following

equation holds V,\ = cK - F, and in the coordinate form
d\"/dt + Tgﬂ(f)j\o‘j\ﬁ = cK(z) - F'(z)\, (32)

where c is a constant, K is the Gaussian curvature, \(t) = dz(t)/dt is a tangent vector of
¢, and F is an affinor. In this case, parameter ¢ is a length of the curve £ and X is a unit

tangent vector.
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An infinitesimal transformation of a (pseudo-) Riemannian space V,, is given with

respect to the coordinates in this manner

" =a" e h(a), (33)

h

where 2" are the coordinates of a certain point in V,, and " are the coordinates of its image

under the infinitesimal transformation, ¢ is an infinitesimal parameter not depending on z”,
and ¢" is a displacement vector.
If a certain object A of the space V,, depends on x € V,, but also on the infinitesimal
0 1
parameter €, then the principal part of the object A is A(x)+ A(zx)e in the expansion of

series with respect to the infinitesimal parameter

0 1 2

Az, ) =A(x)+ Alx)e+ A(x)e* + - .

For our purposes, the curves obtained by the infinitesimal transformation of geode-
sics satisfy the equations of isoperimetric extremals of rotation (32) under the condition,

that we dropped the terms containing higher powers of the infinitesimal parameter ¢, i.e.

e2,ed, ... .

Definition 4. An infinitesimal transformation of the (pseudo-) Riemannian space Vs is
called rotary if it maps any geodesic of the space V5 onto an isoperimetric extremal of

rotation in their principal parts.

2.5.2 Basic equations of infinitesimal rotary transformation

We prove the following theorem [R10].

Theorem 7. A differential operator X = £*(x)0y (0n = 0/0x%) determines an infinites-

imal rotary transformation of (pseudo-) Riemannian space Vo if and only if X satisfies

LTl = 5g¢j) +0"gi;, 0" =0"0,+ Ki/K) + vl (34)

5T
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where 1; is a covector, 61 is the Kronecker delta, 0" is a vector field, g is a metric tensor,

K (#0) is the Gaussian curvature, and L¢ is the Lie derivative with respect to &.

Proof. Let us consider an infinitesimal rotary transformation of (pseudo-) Riemannian
space V5 determined by the equations (33). Furthermore, let ¢ be a geodesic of the space
Vy given by the equations 2" = z"(t). In addition, let ¢ satisfy the equations (31). The
curve £ which corresponds to the curve £ under the infinitesimal rotary transformation (33)

has the following equations
"(t) = 2" (t) + e €"(a(t)). (35)

The infinitesimal transformation (33) is rotary if £ is an isoperimetric extremal of rotation

Kl

in its principal parts. Therefore, the equations Z(¢) given by (35) satisfy in the principal
part equations (32) which could be written like follows
d\"(t)

o Tap(EO)N 0N (1) = K (2(t)) - F(2(£)A(1). (36)

Next, we shall find the objects involved in the equations (36). The tangent vector \"(t)

we receive after derivation of equations (35)

zh zh e x7
wipy = 0 A OO AT _ ) 1 v o, ey,

Also, for the connection I' and the structure F we get
h (s h ar, af b h OFy 2
Pas() =Thy+e520€7 + +[e2]  and (@) = Fl +e5-28 + [€2].
Furthermore, for the Gaussian curvature K it holds
oK
K(z)= K +e-—¢& + [2].
oxY
Finally, we expand the function p and the constant c like follows
p(t) = po(t) +epi(t) + [€%], and c=co+ec; + [€2].

Let us remind, that here and after stands for the terms containing higher powers of

the infinitesimal parameter ¢, which will be dropped later.
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Now, we substitute the expressions mentioned above into the equation (36) and we get

D 4 (Dupl" NN + D29 €M) 1
(T, + 20, TR &7 + [E2]) (A + eX19,£) (VP + eN10,€7) =
= (co +ec1 + [E2))(FF + 20, Fher + [2]) (A 4+ eX10,6°) (K + 0, K€ + [£2]).

Since we know that the curve ¢ is a geodesic, we use equations (31) to eliminate %

from the expression above

—Th AN + M(pg + epy + [€2))+
+E (0apl" NN + 0a&" (= TG NN + X (pg + £p1 + [€7]))) +
H(Ih, 4+ 20,1187 + [E2]) (A + eXN10,) (NP 4+ eX10,87) =
= (co +ec1 + [E2)(FF + 20, Frer + [2]) (A 4+ eN10,6°) (K + 0, K€ + [£2]).

The constant term (not depending on ¢) and the linear term (with respect to €) from
the equation mentioned above vanishes, in which case we receive two following equations,
the first one

poA' = coF"\K, (37)

and the second one
AN (Dol — T, 006" + Tl 058" + T 3067 4 05T 5E7) + p1 A" + poA® =
= cO(KFg)\V@véa + KA“@WFZJ@ + )\aFg(%KﬁV) + clKFC’}/\“.

From the equation (37) follows that py = ¢ = 0, which can be substituted to the last
equation. Furthermore, after using the definition of Lie derivative we obtain the following

relation

LR AN = —pi N+ ¢ KFIN. (38)

These equations hold true for any point and any unit vector \*. From the equation

mentioned above we obtain the equations
h h h
Ly = 05 + 07945, (39)
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where 1); is a covector and 6" is a vector.
Now, let us substitute the equations (39) in (38) and we get
((Lh'(b] + (5Jh'¢z + thzj))\i)\j = —pl)\h + ClKﬂhAi. (40)

After contracting formula (40) with g, A* we obtain G,A* = —(p; + 210, A*), where 6; =
= gia0®. Therefore, formula (40) has the form

no" = 0 \N" + ¢ K - FI A, (41)

where n = g;;A\'N = +1. After differentiating (41) along the curve ¢ and after detailed

analysis of degrees of \* in such equation, we get
Vo' = 0"0, + VK/K) + vé!, (42)

where v is a function on the space V5, therefore the theorem is proved. O]

As it can be seen, the equations (34) have a simpler form than the equations of rotary
transformations deduced by Leiko in [47]. Here, Leiko stated that the vector field § which
satisfies equations (42) exist only on the surfaces of revolution. This statement is not valid

and we have constructed a counterexample in [R6], see Theorem 2, p. 35.
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I1I.

CHAPTER

GEODESIC AND ALMOST GEODESIC
MAPPINGS



Presented chapter deals with geodesic and almost geodesic mappings of special spaces.
Term geodesic mappings is based on one of the most important terms of differential geom-

etry, and that is geodesic, see p. 20.

The first ideas about this theory appeared in the 19th century in the paper [56] by
T. Levi-Civita. Here, the author defined a problem of finding Riemannian spaces with
common geodesics and solved it in a special coordinate system. Let us remark an interesting
fact, that this theory was connected with a study of equations of the mechanical systems

dynamic.

3.1 Geodesic mappings of surfaces of revolution

Many authors worked on geodesic mappings. For example, E. Beltrami studied geodesic
mappings of spaces of constant curvature [6]. Also, U. Dini contributed to the theory of
geodesic mappings of Euclidean spaces, see [17]. Levi-Civita [56] concerned with general
properties of geodesic mappings of Riemannian spaces, as did many others [70, 80,84, 95].
Also, many results about the general theory of geodesic mappings and deformations can

be found in [70,80, 84,90, 95).

Many works are related to geodesic deformations, such as geodesic deformations of
surfaces of revolution [62], globally geodesic deformation of a sphere [61] or global geodesic
mappings and transformations of an ellipsoid [26]. Moreover, it was proved that many

Riemannian spaces do not admit trivial geodesic mappings [59, 70,80, 84,90, 95].

In the next part, we present geodesic deformations of quadric surfaces of revolution.
Mappings under consideration deform quadric surfaces to surfaces of revolution, which are

no longer quadric surfaces.
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3.1.1 Surfaces of revolution

A diffeomorphism between surfaces S, and S; is called a geodesic mapping if any geodesic
in S, maps onto a geodesic in Sy. A geodesic deformation is a deformation of Sy which

preserves geodesics.

Let S, be a surface of revolution in the Euclidean space £ which is in Cartesian

coordinates (x,y, z) given by the equations
r=r(w)cost, y=r(w)sint, z=z(w),
where w € (wy,ws), t € (0,27). The parameters w;, and wy can reach values o0.
The metric of the surface S, has the following form
ds* = a(w) dw® + b(w) dt?, (43)
where a(w) and b(w) are non-zero functions and where
a(w) =r*(w) + 2*(w) and blw) =r*(w).
Let us suppose that the surface S, maps geodesically onto a surface of revolution S,

such that parallels and meridians on S, map onto parallels and meridians on S,. From this

follows that the equations of the surface S, have the following form
r=r7(w)cost, y=r(w)sint, z=2z(w),
where w is the same parameter as on the surface Sy and ¢ € (0, 27).
The metric of the surface S, has the following form
ds* = (7 (w) + 2%(w)) dw? + 7 (w) dt*.

It was proved by Mikes [62], see also [70] (p. 302), that the surface Sy with the met-

ric (43) maps geodesically onto the surface S, with the metric

48 — pa(w) dw? 4+ pb(w)

Ty T T
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where p and ¢ are real parameters, ¢t and w are coordinates.

The surface S, can be obtained from the surface S, using these transformations:

Fw) = or(w) / \/z/ + qr2(r’ +z/) . )

V1 + qri(w) (14 gr2)®

where ¢ is a parameter. The coordinate w is the same as on the surface S;. The functions

7 and z mentioned above have to fulfil the condition of smoothness at the poles w = w;

dr dz
and w = wsy, where 7 = 0, namely d_'r =41 and d—Z =0.
w w

The mapping is a non-trivial geodesic mapping if ¢ # 0 and b #Z 0, and the transfor-

mation is non-trivial if b # 0. We restrict our further study to ¢ > 0.

3.1.2 Geodesic mapping of a circular cylinder

Let Sy be a circular cylinder given by the parametric equations
xr =kcost, y=ksint, z=w,
where k (> 0) is its radius. The metric of the surface S; has the form ds? = dw? + k2 d¢?.

Using relations (44), we can characterize the surface S, by the following equations

k 1+ qk2 1
TN g =

——— and zZ(w)= D EEEE——Y B
V14 gk? (w) /wl (1+ gk?)’ 1+ gk?

r(w) =

(w — wy).

Evidently, 7(w) is a constant, therefore surface S, is also a circular cylinder. Moreover,

from the above follows, that the geodesic transformation is trivial.

3.1.3 Geodesic mapping of a circular cone

Let S, be a circular cone given by the parametric equations

r=wcost, y=wsint, z=w,
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Now let w > 0, thus we are considering the top part of the cone. For the value w = 0 we

get the vertex of the cone which is a singular point.

The equations of a generalized circular cone can be written in the following form
r=awcost, y=awsint, 2z = cw,

where a, ¢ € R. We choose a = ¢ = 1. Any other circular cone can be obtained from the

considered one by a certain affine transformation of &;.
The metric of the circular cone S, has the form ds? = 2 dw? + w? dt?.

Using the transformation equations (44) we get

) w ) wo [ oqu?
r(w) = ——— and z(w)= —dw. 45
W)= e w=[ (05 qi?) (45)

We can choose the lower bound of the integral as 0. For ¢ = 0is Sy = S,. If ¢ > 0 then
7(w) > 0.

The metric of the surface S, has the following form

2 2
ds®> = ————— dw’ + ST
(1+ qu?) 1 4 qu?

We consider the following limits of equations (45) for w — oo

1
Tmax = lim 7(w) = lim ——=

w—00 w—roo , /1 4 qu \/a

_ . 1+ 2qw2 w2 .
Zmax = lim Z(w) = lim — = _dw=
w—00 w—00 1 + qu WHOO 1+ q’LU2
= lim arctan (\/qw) = ——.

\/; wW—00 \/_ \/%

The transformation of the surface Sy onto S, is non-trivial. The circular conical surface

and

deforms onto the surface, which is no longer a quadric. For this mapping all geodesics

(except “parallels”) map onto incomplete geodesics on the surface Sy .

Let Sy be an image of the cone S, in non-trivial geodesic deformation.
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Proposition 1. A circular conical surface admits a non-trivial global geodesic transfor-

mation in which it remains rotational. The surface Sz is no longer a quadric surface.

3.1.4 Geodesic mapping of a one-sheet hyperboloid of revolution

Let S be a one-sheet hyperboloid of revolution given by the parametric equations
x = coshw cost, y = coshw sint, 2z = sinhw.
The metric of the surface Sy has the form
ds? = (sinh® w + cosh? w) dw? + cosh? w dt?.

Using transformations (44) we get

Fw) = coshw (46)

V14 gcosh®w

w ~ 2~
Z(w)—/ cosh w .\/1+q(2cosh w—1) 4o, (47)
0

1 + gcosh® @ 1 + g cosh® @

and

Notice that the functions 7(w) and Z(w) are monotonically increasing for w > 0 and ¢ > 0.

Let us consider the limit of (46) for w — oo

_ I cosh w 1
Fmax = lim = —.
* w—=0oo 4 /1] +qcosh2w V4

Instead of finding an explicit solution of the integral (47), let us consider

_ ) Y coshw 1+ q(2cosh® & — 1) .
Zmax = lim 5 - 5 dw.
w—oo Jg 14 qcosh” w 1 + g cosh”w

The limit exists and we can estimate its value in this manner

v h w 1 w hw
o < lim [ — 0 Bdi <= lim [ i =
w—oo Jg 14 qcosh”™ w q w— Jo cosh”w
1 |
— - lim —di =
q w— J, coshw 2q
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From this follows that

- m . _ T
Zmax < % and similarly  Zp, > %

The geodesics on the one-sheet hyperboloid of revolution are complete. Evidently, the

geodesics on the surface S, are incomplete (except “parallels”).
Let S, be an image of the one-sheet hyperboloid S, in non-trivial geodesic deformation.

Proposition 2. A one-sheet hyperboloid of revolution admits a non-trivial geodesic trans-

formation in which it remains rotational. The surface Sy is no longer a quadric surface.

3.1.5 Geodesic mapping of a two-sheet hyperboloid of revolution

Let S; be a two-sheet hyperboloid of revolution given by the equations
r =sinhwcost, y=sinhwsint, 2z = coshw.

Note that the equations mentioned above describe only the top part of the hyperboloid.
The metric of the hyperboloid has the following form

ds? = (cosh® w + sinh® w) dw? 4 sinh® w dt*.

Using formulas (44), we obtain the transformation equations for the hyperboloid

sinh w

\/1+qsinh2w7
Y sinha 1+ q(2sinh* @ + 1
Hw) = / sinh @ \/ + ¢ (2sinh®w + )dw. (49)

. 12 ~ . 192 ~
wo 1+ gsinh”w 1+ gsinh”w

For the pole wy = 0 where 7(w;) = 0, the smoothness conditions are fulfilled, therefore
dr dz
. (wy) =1 and T (wy) = 0.
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For ¢ = 0 formulas (48) and (49), when wy = 0, have the solution 7 = sinhw,
zZ =coshw. For g ~ 0 these solutions are © ~ sinhw and z ~ coshw, which can be

verified by the integration of Taylor series.

Similarly as on the one-sheet hyperboloid of revolution, we study limits of (48) and

(49) for w — o0

_ ) sinh w 1
Fmax = 1M

w—0 4 /] —|—qsinh2w B V4

Y sinhw 1+ q(2sinh?w% + 1)
1 + ¢sinh® @

and

dw <

Zmax = lim - — -
w=oo Ji 14 ¢sinh® W

w /2 sinh @ w oo
< lim deg lim/ A =
w—r00 1

Tw—oo f 14 qsinh2 W q sinh w

= —1 In (tanh (1)> = 1 -0, 77194.
q 2 q

Evidently, from the calculated limits, the two-sheet hyperboloid of revolution deforms

to a surface of revolution which is bounded in space (as in example above). Note, that all

geodesics on Sy (except “parallels”) are incomplete.
Let Sy be an image of the hyperboloid S, in non-trivial geodesic deformation.

Proposition 3. A two-sheet hyperboloid of revolution admits a non-trivial geodesic map-

ping in which it remains rotational. The surface Sy is no longer a quadric surface.

3.1.6 Geodesic mapping of a paraboloid of revolution

Let S be a paraboloid of revolution given by the equations
2

r=wcost, y=wsint, z=w".

The metric of the paraboloid has the form ds* = (1 + 4w?) dw? + w? dt>.
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The transformation equations for this paraboloid are

- w - v 44 q(1+4w?) | _
_ d _ . di. 50
7(w) o and Z(w) /0 5 g0 \/ 1t i W (50)

We verify if the smoothness conditions are satisfied for the pole w = w; where ¥ = 0.

d d
Evidently, for the pole w; = 0 applies d—z(wl) = 0 and further d—r(wl) = 1, thus both
w w

conditions are fulfilled.
As for the previous surfaces we find limits of (50) for w — oo

_ . 1
Fmax = lIm

w
w—r00 ‘/1+qw2 o \/a’
v \/4+q(1+4ﬁ12)

1 4 quw?

Z = lim _
max w00 J, 1+qw2

2
do < lim — In |1 4 qu?| = +o0.
w—oo 2¢

From the calculated limits and transformation equations (50) it follows that the circu-
lar paraboloid S, maps non-trivially geodesically onto the surface S, which is no longer

a quadric surface.
Proposition 4. A circular paraboloid admits a non-trivial geodesic deformation in which
it remains rotational, but the obtained surface is no longer a quadric surface.

The results of all the propositions can be summarized in form of a theorem [R3].

Theorem 8. Quadric surface of revolution (except a circular cylinder) admit non-trivial
geodesic mappings and deformations under which they remain surfaces of revolution. Sur-
faces (except circular cylinder and sphere) obtained in these geodesic deformations are no

longer quadric surfaces.
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3.2 Geodesic mappings of spaces with affine connection

Further on, we present the results from the theory of geodesic mappings of generalized
Ricci symmetric manifolds. Ricci simmetric manifolds are a natural generalization of the

Ricci manifolds.
Let us suppose, that studied objects are continuous and smooth enough.

Let f: A, — A, be a diffeomorphism between spaces A,, = (M, V) and A, = (M, V)
with affine connections V and V, where M and M are n-dimensional manifolds. We
suppose that M = M and therefore in coordinate neighbourhood (U, x) corresponding

points x € M and f(z) € M have “common” coordinates (z!, 22, ..., a").

We define a deformation tensor of affine connections respective mapping f: A, — A,
in the following form P = V — V, i.e. their components in common coordinate system x
are

hi \ — h h
Pij (z) = Fij (z) — Fij<x>7 (51)
where I'};(x) and T (z) are components of connections V and V, respectively.

A diffeomorphism f: A, — A, is called a geodesic mapping of A, onto A, if f maps

any geodesic in A,, onto a geodesic in A,,.

It is known [21,22,68, 70, 80,90, 95], that diffeomorphism f: A, — A, is a geodesic
mapping if and only if in common coordinate system z = (2!, 22, ..., 2") the deformation

tensor (51) has the following form
Pli(x) = ()} + ;(2)d7, (52)

where 1);(z) are components of a covector 1 and 6" is the Kronecker symbol. Geodesic

mapping is non-trivial if 1;(x) # 0.

Evidently, any space A,, admits a non-trivial geodesic mapping onto the other space A,,.

On the contrary, the statement is not valid for geodesic mappings onto Riemannian spaces.
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Particularly, there exist spaces with affine connections which do not admit non-trivial
geodesic mappings onto (pseudo-) Riemannian spaces, see [27,57,64-68, 70, 76-78, 80, 90,
94,95].

It was proved [8,11] that the fundamental equations of geodesic mappings of spaces
with an affine connection onto Riemannian spaces as well as fundamental equations of
geodesic mappings of spaces with an affine connection onto Ricci symmetric spaces form
a closed Cauchy-type system of equations in the covariant derivative. Furthermore, this

system is linear in the case of geodesic mappings onto Riemannian spaces.

3.2.1 Geodesic mappings of spaces with affine connection onto generalized

Ricci symmetric spaces

Geodesic mappings onto generalized Ricci symmetric spaces were studied in [12], see also
[70, pp. 469-473]. Fundamental equations of these mappings were derived and presented
in the form of a closed Cauchy-type system of equations in the covariant derivative. In the

following text, we find a simpler form of fundamental equations of these geodesic mappings.

Let f: A, — A, be a geodesic mapping of space A, with an affine connection onto
generalized Ricci symmetric spaces A,,. We supposed that z = (x',22,..., 2") is a common

coordinate system respective mapping f.

Space A, is called a generalized Ricci symmetric space if Ricci tensor satisfies the
following condition
Rij|k + Rkjli =0, (53)

7

where R;; are components of Ricci tensor on A,, and the symbol “|” denotes a covariant

derivative on A,,.

Let us remark, that Riemannian space which is a generalized Ricci symmetric space is

also Ricci symmetric (R;j, = 0).
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Because the covariant derivative of Riemannian tensor has the following form

Dh aR?jk h pa na ph ma ph Pa ph
Riieim = D + e Bk — Ui Baje — Ui Biok — Uk R
from condition (51) we obtain
thjldm = Rka + Pn}ibaRiajk - PﬁfnRij - P%ijhak - Pﬁ;kR?jaa (54)

13

where “,” denotes a covariant derivative on A,,, thjk and R?jk are components of Rieman-

nian tensors of A, and A,,, respectively.

After contracting (54) respective indices h and k, we get

Rijim = Rijom — PpiRaj — Py jRia (55)
and after symmetrization (55) respective indices i and m, we get

Rijim + Rimjli = Rijm + Rmji — 2Py Raj — P Ria — P R (56)

Since space A,, is generalized Ricci symmetric, then it satisfies equation (53). Therefore,
from (56) follows
Rij,m + Rm],l == 2PT?7,ZRC¥J + ngRla + P;;Rma (57)

The deformation tensor PZ’; of affine connections has the form (52) and from the formula
(57) it follows
Rij,m + ij,i = 3¢mRz’j + 3%ij + %‘(Rim + Rmi)- (58)

It is known [95] and [70, p. 182], that between Riemannian tensors R

ik and R?jk of A,

and A, the following dependence holds

ijk ) ik,j

Pl PP PPl (59

From (52) follows
Pz];k = wi,kégl + P k0,
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and from formula (59), we obtain
thjk - R?jk - 5?%‘,1@ + iy — Ok + O rj + 5?%'1% — Sy,

We contract last formula respective indices h and k. Finally, we get

Rij = Rij +ntby j — ¥, + (1 — n)pind; (60)
and after alternating (60), we obtain
Ryj) = Rpgg) + (n+ D)tbiy — (n+ 1)y, (61)

where [ij] denotes an alternation respective indices 7 and j.

From condition (61), we obtain

1

Vig =i = oy (i) — Riig) - (62)
By analysing (60) and (62), we get the following equation
1 _ _
Vij =3 [nRij + Rji — (nRij + Rji)] + iy, (63)

k

Now let us covariantly differentiate, respective =" in space A,,, the equation (58) and

substitute (63), then we get
Rijnk + Rnjik = 30mRiji + 30iRnji + i (Rimg + Rinik) + Tijmis (64)

where

1 _ _ _
Lijme = 3 (m (nRpk + Rim — (nRyk + Rigm)) + ¢m¢k> R +

1 _ _ _
+3 (n2 3 (nRix + Ry — (nRix + Rii)) + @Dﬂ/)k) Roj +

1 _ L
+ (nz — (nRjx + Rij — (nRj + Riy)) + %’%) (Rim + Rons) -

We alternate condition (64) respective indices ¢ and k:

Rijimk — Rijmi = Raj R + Rina kit 3UmRijk — 3UmRiji +
+3¢; Rynjre — 3k Rinji + V0 (Rimgk — Rim,i + Rmie — Rki) +
+Tijmk — Thjmi-
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From Ricci identity and algebraic identy of Riemannian tensor, we obtain

Rij,km - Rkj,'im = QRQijanki + RiaR?km + RkaR?mi + Rma ?k:i +
+3UmRij g — 3Um Riji + 30i Rinjse — 30k Rynji + (65)

+0j(Rimg — Rimi + Ronigk — Bonki) + Tijimk — Thjmi-
In (65) we replace indices k and m, and to results add (64). Finally, we get

2Rijmk = 2Ra; Ry, + Ria RS,y + Rima RSy + Ria RS +

+30k (Rijm — Rumji) + 30i( Rijm + Runjr) + 3Um(Riji — Ryji) +
+0; (Rimk + Bomite + Rim — Ronki + Riim — Rimi) + (66)

+ijkm — Tomjri + Lijmr,

where Rijm = Rij,m'

Evidently, equations (63), (66) and

Rijm = Rijm (67)

on space A,, form a closed Cauchy-type system respective unknown functions v;(x), R;;(z),

and Ryjp.().
In conclusion, we formulate the following [R11].

Theorem 9. A space A, with an affine connection admits geodesic mapping onto gen-
eralized Ricci symmetric spaces A, if and only if on A, exists the solution of a closed
Cauchy-type system of equations in the covariant derivative (63), (66), and (67) respective

unknown functions 1;(x), Rij(z), and Rij(x).

The general solution of this system depends on no more then

1
n+n2+§n2(n—1)z n*(n+1)+n

1
2
real parameters.
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From the conditions (51) and (52) follows that space A,, from the Theorem 9 has an
equiaffine connection

=h h h h
Fz’j(m) = Fij(m) + ;5 + 5]' Vs,

where 1); is a solution of the system mentioned above. Furthermore, from it follows that

R;; are components of the Ricci tensor on A,,.

3.2.2 Geodesic mappings of spaces with affine connection onto equiaffine gen-

eralized Ricci symmetric spaces

It is known [95], [70, pp. 85], that equiaffine spaces are defined by the symmetry of Ricci

tensor. We verify, that the following lemma holds.

Lemma 1. Fquiaffine generalized Ricci symmetric space is Ricci symmetric.

Proof. Let A, be a generalized Ricci symmetric space for which the condition (53) holds.

Since A, is equiaffine then

First, after differentiating (68) we obtain

Rijie = Rjir. (69)

Then, from the properties (53) and (69), it follows
— (33 5 (69) o (53) 5 (69
R @ ~Ray ® ~Reyy @ Ry @

(69) — (53) — (69) —

= Ry = —Rjpp = —Rijk-

Finally, we compare the first and the last article and verify that

therefore, A, is Ricci symmetric. [
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Geodesic mappings onto Ricci symmetric manifolds were studied in [8]. In our case,
the equations of such mapping would be simpler because A, is equiaffine. This system of

equations, using [8], has the form:

Rijm = 2UmRij + i Ryj + 1 R, (70)
Vij = 1_ 1 [((n+ 1)Rij — (nRy; + Rji)] + vit);. (71)

n2

It is evident that the equations (70) and (71) in the given manifold represent a closed

Cauchy-type system with respect to unknown functions R;;(x) and v;(x).

Theorem 10 ([R11]). A manifold A, with affine connection admits a geodesic mapping
onto an equiaffine Ricci symmetric manifold A, if and only if in A, ezxists a solution of
a closed Cauchy-type equations in the covariant deriative (70) and (71) with respect to

unknown functions R;j(z) (= Rji(x)) and v;(z).

The general solution of a closed Cauchy-type system of equations (70) and (71) depends

on no more than $n(n + 1) + n = in(n + 3) independent real parameters.
From the conditions (51) and (52) follows that space A,, from the Theorem 10 has an

equiaffine connection
Ll(x) = T} (x) + 1y + 67,

where 1; is solution of the system mentioned above. Furthermore, from it follows that R;;

are components of the Ricci tensor on A,,.

3.2.3 Geodesic mappings of spaces with affine connections onto

Ricci-2-symmetric spaces

The paper [72] extends the results about geodesic mappings of (pseudo-) Riemannian

spaces to geodesic mappings of equiaffine spaces with affine connections onto (pseudo-)
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Riemannian spaces. Mikes [57] studied geodesic mappings of generalized symmetric and

recurrent (pseudo-) Riemannian spaces.

The paper [8] proves that the main equations of geodesic mappings of spaces with
affine connections onto Ricci-symmetric spaces are equivalent to some Cauchy-type system
of differential equations in covariant derivatives. In the following part, main equations
for geodesic mappings of spaces with affine connections onto Ricci-2-symmetric spaces are
obtained as a closed Cauchy-type system of differential equations in covariant derivatives.
We determine the number of essential parameters on which the solution of the system
depends. The results are extended for geodesic mappings of spaces with affine connections

onto Ricci-m-symmetric spaces.

We suppose, throughout this chapter, that all geometric objects under considerations

are continuous and sufficiently smooth.

A space A,, with affine connection (Riemannian space V,,) is called Ricci-m-symmetric

if its Ricci tensor E-j satisfies the condition

Rijikrky. e, = 0, (72)

7

where the symbol “|” denotes a covariant derivative with respect to the connection of the
space A, (cf. e.g. [37-39], [70, p. 338]). In particular, for the case of Ricci-2-symmetric

spaces (72) is written as follows:

We also introduced the tensor R;;; defined by (67)

Rijr = Riji. - (74)

According to [70, 80, 84, 95|, a necessary and sufficient condition for the mapping f

of a space A, onto a space A, to be geodesic is that in the common coordinate system

a', 2%, ... a" the deformation tensor PJi(x) of the mapping f

Pj(x) = Tj(x) — T (=), (75)
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has to satisfy the condition
Pj(x) = ti(2)d] + 1;()3} (76)

The symbols T (z) and ' () are components of affine connections of the spaces A, and

A, respectively, 1;(x) are components of a covariant vector.

A geodesic mapping is called non-trivial if 1;(x) # 0. It is obvious, that any space A,
with an affine connection admits a non-trivial geodesic mapping onto some space A,, with
an affine connection. It is not difficult to construct an example of a non-trivial geodesic
mapping. Let A, be a space with affine connection FZ By determining an arbitrary vector
field v; in A,,, we construct the non-trivial geodesic mapping of the space A,, onto a space
A, with the affine connection T';. Using (75) and (76) we can calculate the components of
fﬁj However, in general, the same does not apply for geodesic mappings of Riemannian
spaces onto Riemannian spaces. In particular, there are Riemannian spaces that do not

admit non-trivial geodesic mappings onto Riemannian spaces.

Let us consider a geodesic mapping of a space A,, with an affine connection onto a Ricci-
2-symmetric space A,,. Yet, in general, spaces with affine connection, and in particular

Ricci-2-symmetric spaces, are not (pseudo-) Riemannian spaces.
Suppose that the spaces A, and A,, are referred to a coordinate system common to the
mapping.

It is known [70,95] that a relationship between the Riemann tensors Rl and R?jk of

the spaces A, and A,,, respectively, is presented by the formulas:

Ry, = Riye + P — Pl + PaPa; — PSP, - (77)

ijk ) aj ijt ak

Taking into account that a deformation tensor Pf; of the connections is defined by (76), it

follows from (77) that
Rl = Rl — 00+ Opabiy — 00 + 01y + 00 stby — Spabanh; (78)
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Contracting the equations (78) for h and k, we get

Rij = Rij +nibij — by + (1 — n)vie; (79)
Alternating (79) with respect to the indices i and j, we obtain
Riyj) = Rpgj) + (n+ Dhiy — (n+ D)y - (80)

Here, by the brackets [ij] we denote an operation called antisymmetrization (or alternation)
without division with respect to the indices ¢ and j. Taking account of (79), from (80) it

follows

1 _ _
’;Z)Lj = n2 1 [an] + Rji — (nRZ] + Rﬂ)] + 'Qbﬂ/)] . (81)

It was proved [R13] that Riﬂ k= Rijr—PERy— Pg R;,. Using this relation and considering

that the deformation tensor is defined by (76), we find

R = Rijx — 20 Rij — iRy; — ¥ Riye - (82)

Differentiating (82) with respect to ™ in the space A,,, we obtain

(Rij|k),m == Rij,km - ka,mRij - kaRij,m - 7vZJi,mRkj - 'lvbiRkj,m - ¢j7mRikz - ijik,m . (83)

Taking into account (Rmk)
(83) it follows

= Rmkm + P;:LiRaﬂk + Pﬁ;jﬁm‘k + Pr?;kRijloc and (76), from

,m

Rij|km - Rij,km - 2,¢)k,mRij - 2¢kRij,m - ¢i,mRkj - Qﬁi}?kj,m - wj,mRik_
— i Rikm — ViRmjie — 3UmBRijie — Vi Rimpk — i Rijim -

(84)

Suppose that the space A, is Ricci-2-symmetric. Then, taking account of (74), (81) and
(82), we have from (84)

Rijkm = 2pkmRij + 20k Rijm + pim Rij + Vi Rigm + pjm Rk + 1 Rigm + (s5)
+ Vipmj + 3VmpPijk + Vipimk + YkpPijm

where

pij =—5— (nRij + Ry = (Rij + Rji)) + buvy,

Pijk :Rijk - 2¢kRij - %’Rkj - wjptik-
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It is obvious that in the space A, the equations (74), (85), and (81) form a closed
Cauchy-type system of differential equations of in covariant derivatives with respect to

functions ¥;(x), R;;j(z) and Ryj.(x). Hence we proved the following theorem [R13].

Theorem 11. Let A, be a space with an affine connection and let A, be a Ricci-2-
symmetric space. Then A, admits geodesic mapping onto A, if and only if the closed
Cauchy-type system of differential equations in covariant derivatives (74), (85) and (81)
has a solution with respect to functions 1;(z), Rij(z) and R (x).

The general solution of the closed Cauchy-type system of differential equations in co-
variant derivatives (74), (85), and (81) depends on no more than in - (n+1)?+n essential

parameters.

Similarly, as in the case of conformal mappings, see [R14], the main equations for
geodesic mappings of spaces with affine connections onto a Ricci-m-symmetric space could
be obtained in the form of a closed Cauchy-type system of equations in covariant deriva-

tives.
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3.3 On canonical almost geodesic mappings of type ms(e)

This section develops some new ideas in the theory of almost geodesic mappings of spaces

with the affine connection.

Special almost geodesic mappings 7y are mappings of type my(e), which are related to
e-structure F (F? = e - Id, e = #+1,0), defined on the manifold, see [95]. The next part is
devoted to the study of the conditions guaranteeing that the Riemann tensor is invariant
with respect to the canonical almost geodesic mappings of type m(e). In addition, we
study canonical almost geodesic mappings of type m(e) of spaces with affine connections
onto symmetric spaces. The main equations for the mappings are derived as a closed,

mixed system of Cauchy-type PDE’s in covariant derivatives.

The investigations use local coordinates. We assume that all functions under consider-

ation are sufficiently differentiable.

3.3.1 Basic definitions of almost geodesic mappings of spaces with affine con-

nections

Let us recall the basic definition, formulas, and theorems of the theory presented in [69,
70,95,96], [R1]. Consider a space A,, with an affine connection V without torsion. The

space is referred to with coordinates x = (x!, 22 ... z").

Let us recall that curve ¢: x = x(t) in the space A, is geodesic if its tangent vector

A(t) = dx(t)/dt satisfies the equations Vi A = 0, see pp. 21-21.

A curve /£ in the space A, is an almost geodesic when its tangent vector \ satisfies the

equations

Vtvt)\ = CL(t))\ + b(t)Vt/\,

where a(t) and b(t) are certain functions of ¢.
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A diffeomorphism f: A, — A, is called almost geodesic if any geodesic curve of A, is

mapped under f onto an almost geodesic curve in A,,.

Suppose that a space A, with the affine connection V admits a mapping f onto
a space A,, with an affine connection V, and the spaces are referred to with the com-

mon coordinate system x = (x!, 2% ... z").

The tensor P = V — V is called a deformation tensor of the connections V and V with

respect to the mapping f. In common coordinates x, components of P have the form:
h Bh h
Pij (z) = Fij (z) — Fij<x>7

where I';(x) and T(x) are components of affine connections of the spaces A, and A,

respectively.

According to [95], a necessary and sufficient condition for the mapping f: A, — A, to

be almost geodesic is that the deformation tensor Ph( ) of the mapping f must satisfy the

condition
Al NN =a - PRAN 45 M
where A" is an arbitrary vector and a and b are certain functions of variables z', 22, ..., 2"
and X', A%, ..., \". The tensor A7, is defined as
AZJ = PU et PC“P
We denote by comma “,” a covariant derivative with respect to the connection of the

space A,,.

Almost geodesic mappings of spaces with affine connection were introduced in [95] by
N.S. Sinyukov. He distinguished three kinds of almost geodesic mappings, namely, 7, 7o,

and w3, characterized by following conditions for the deformation tensor P:

PR Ph—5 1% +th0]) F(};’j)—i-FgFgng) :(Séli,u]')—i—F(];p]) s
3 Ph = (5 Ly + 0"ayj, 92 =p- 0+ 0hay,
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where 6! is the Kronecker symbol, the round parentheses of indices denote an operation

called symmetrization without division, and F*, 0", @ij, @i, Vi, Pi, iy Piy p are tensors.

The types of almost geodesic mappings my, o, 73 can intersect. The problem of com-
pleteness of classification was resolved; Berezovski and Mikes [9] proved that, for n > 5,

other types of almost geodesic mappings, except 7, 7o, and 73, do not exist.

3.3.2 Almost geodesic mappings m(e), e = +1,0
A mapping 7y satisfies the mutuality condition if the inverse mapping is also an almost

geodesic of type 7 and corresponds to the same affinor F*(z).

The mappings 7 satisfying the mutuality condition will be denoted as ms(e), where

e = =+1,0, see [95], and is characterized by the following equations:
Py = 0ty + Fiey, (86)

h
Fag =

F(};uj) — 5@]%9)‘/@ and F'F® = edl. (87)

As it was proved in [75], in case e = £1, the basic equations of the mappings ms(e) can

be written as Equation (86), and

h h h 6 R 7
F'i=F Fip= @Z.W Wi = Mijs  Mijk = Oijk, (88)
5
F(};j) - F(};“j) - 58}7}05:“a> FﬁFf = 65?7 I(i5) =Oij, (89)
where

L7 20 20 2% h pa o ph o ph o ph
@ijk E@ijk+ @kﬁ— @jki + 2F Ry — F Ry + F' Ry, + FU Ry,
20 h h
@ijk = (6 EG — 0 Ffpbas
3h 2h 2h h N
@z‘jk :@ijk_ @kji + B Ra = Pl
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4 16 s
@jkEFBa@ . +2F,BajFak:7

ajk
5 1 N T
Ojk £= 1_Fg)2_1((n—1—Fa)@ijJr@aﬁFi F),
Gh — 1 h h h h h h N
Ok = é(Fl tiky + 5 pgin) + Fy fugig) — 05 gy — 05 miin) — Oxmyg)+ @ikj),

1.5 5 5
Oijk = pally;; + 5(@ij,k +Oikj — Ojri), iy = F fiay)

-

Fh, Fh

’L]’

We denote by the brackets [ik] an operation called antisymmetrization (or alternation)

1, pij are unknown functions, and R " 15 the Riemann tensor of the space A,.

without division with respect to the indices ¢z and k.

Obviously, right-hand sides of Equation (88) depend on unknown functions £}, FZ’J‘,
Wi, fi; and on the components F?j of the space A,,. Then, Equations (88) and (89) form
a closed, mixed system of Cauchy-type PDE’s with respect to functions F}* FZ’; s Wiy Mg
The general solution of the system, Equations (88) and (89), depends on no more than

%n(n + 1)? essential parameters. In addition, the mapping m>(e) depends on unknown

functions v, ¢; (see Equation (86)).

3.3.3 Canonical almost geodesic mappings m(e) (e = £1) preserving the Rie-

mann tensor

An almost geodesic mapping m, for which ¢; = 0 is called canonical. It is known that
any almost geodesic mapping m, can be written as the composition of a canonical almost
geodesic mapping and a geodesic mapping. The latter may be referred to as a trivial almost

geodesic mapping.

Hence, a canonical almost geodesic mapping my(e) (e = +1) is determined by the

equation

Pl =Flo;+ Fl'y;, (90)

and also by Equations (88) and (89).
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In [7] it was proved that Riemann tensor is preserved by the diffeomorphism if and only

if the tensor A%, satisfies the conditions

Agk = A?kj. (91)

If the deformation tensor P! is expressed by Equation (90), then for m(e) (e = +1)

ij

taking account of (87), (88), and (89), we get
Ay = @irE} + 0iuF} + 0i(Fji + 0a 7 FY + €8]01) + 05 (B + 0a Y Fy + €67 01).
Now, we require that A7, satisfies (91). Hence,

ikl — i i F{ + @i F — on i F = By, (92)

where
Bl = e (Flk + @uFFI + e6tp;) — @i (Fiy, + @aFYFL + €8lr) +

i (Fl 4+ Qo FEF! + edfp; — Fh — @  FOF) — edly).
Let us multiply (92) by F }JL and contract for indices h and j. Hence, we have
NYif — Pri = eB%ka. (93)
Symmetrizing (93) in ¢ and k, we obtain
ikt Pri = %Ff (Bzofak + B?Bi)' (94)
Equations (93) and (94) can be written as

1
Gin = nL;ng(Bgﬁk + (B + Bii). (95)

Hence, we get the theorem, [R14].

Theorem 12. Let A,, be a space with affine connection preserving the Riemanian tensor
and let A, be a space with affine connection. Then A, admits almost geodesic mappings of
type mo(e) if and only if the mized system of Cauchy-type differential equations in covariant
derivatives (88) and (95) has a solution with respect to unknown functions F*, FZJL, iy fig s

i which must satisfy the algebraic conditions (89).
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The general solution of the system (88), (89), and (95) depends on no more than

2n(n+1)* 4+ n essential parameters.

3.3.4 Canonical almost geodesic mappings m,(e) of spaces with affine connec-

tion onto symmetric spaces

A space A, with an affine connection is called (locally) symmetric if its Riemann ten-
sor is absolutely parallel. Symmetric spaces were introduced by P.A. Shirokov [93] and
E. Cartan in 1932 [14], see also S. Helgason [24,25]. Therefore, the symmetric spaces A,

are characterized by

h
Rijk|m

=0, (96)

b}

where R, " 1s the Riemann tensor of the space A,,. By the symbol “|” we denote covariant

derivative with respect to the connection of the space A,,.

Let us consider the canonical almost geodesic mappings of type m(e) (e = £1) of
spaces A, with an affine connection onto symmetric spaces A,,, which are determined

by Equations (90), (88), and (89). Suppose that the spaces are referred to the common

coordinate system !, 2%, ... a".
Since B
ORM
nph _ ijk nh  pa « « o
Rijk|m - orm + I‘moz ijk F Rajk - F Ruxk’ F kszom

then taking account of (87), we can obtain

Rzgk|m = Rzgkm + P?”:LO( 7%k Pa Ra]k Pa Rzak PakRUa (97)

In what follows, we understand that the space A,, is symmetric. Taking account of (90)

and (96), we have from (97) that

Rh, = gO(iF,g)jok = souF,i)Rg;k + o Fon Rl mFl R, (98)

ijk,m
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It is known [95] that the Riemann tensors of the spaces A,, and A,, are related to each

other by the equations

R}y, = Rl + P

ik,j

ijk Phk + pﬁcph pz(;ép(ilk: (99)

Because the deformation tensor of the mapping Ph( ) is represented by Equation (90),
it follows from (99) that

0i Py + on i — o) — ikl = Dy, (100)

where

Dh

ijk —

= R — R

ik SOZ(F/?J + SOaF/?FJh + edpp; — Fﬁc - SDaquFI? - 65?90k)+

ijk

+on(F + @b E) = 0 (Fi + 9aFTFY).
Let us multiply (100) by FF¥ and contract for h and k. Hence, we have

nij — pji = eDj F?. (101)

[7o% Rale'

Symmetrizing (101) in ¢ and j, we obtain

Equations (101) and (102) can be written as

€ « 1 o «
pij = n—+1F (Dis; + — (Di; + Dfi))- (103)
Obviously, Equations (88), (98), and (103) form a closed, mixed system of Cauchy-type
PDE’s with respect to functions F", Fw’ iy [ij R?jk, ¢;, and the functions F", F[]‘, i

f;; must satisfy the algebraic conditions (89). The algebraic conditions for the functions

Rh

i1 are the Bianci identity

ka + Rzkg — 07 and Rl]k + R + ka — 0 (104)

Hence, we have proved the theorem, [R14].
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Theorem 13. Let A, be a space with an affine connection and A, a symmetric space.
Then, A, admits an almost geodesic mappings of type ms(e) (e = £1) onto A, if and only
if the mized Cauchy-type system of differential equations in covariant derivatives (88),
(98), and (103) has a solution with respect to unknown functions F!, FZ’;, iy i, R?jk, ©;
which must satisfy the algebraic conditions (89) and (104).

It is obvious that the general solution of the mixed system of Cauchy-type PDE’s

depends on no more than

1 1
§n2(n2—1)+§n(n+1)2+n

essential parameters.
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Conclusion

This dissertation is devoted to the study of geodesics and their mappings, i.e., rotary,
geodesic, and almost geodesic mappings. These mappings belong to a larger group of

so-called special diffeomorphisms.

The First Chapter has presented geodesic bifurcations, particularly their existence in
certain spaces. In future research, it might be possible to consider even more general spaces

that would admit these bifurcations.

The Second Chapter has been dedicated to rotary mappings and their properties. The
method that determines the existence of the rotary mappings of certain spaces has been
constructed. It has been shown that there exist Riemannian spaces that are not isometric
to surfaces of revolution and admit rotary mappings. This statement is in contradiction
with already known results. Therefore, future research can be focused on corrections of

already published papers that were derived from the invalid statement.

The Third Chapter has developed the theory of geodesic and almost geodesic mappings.
Certain special spaces have been considered, and the main equations of these mappings have

been derived. Future work could consider more generalized spaces with special properties.

The results of this dissertation could be applied in the differential geometry of manifolds
with structures and their mappings. They could also find an application in theoretical
mechanics and thermodynamics. Results presented in the dissertation were included in

monograph J. Mikes et al. Differential geometry of special mappings.
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1 Introduction

Geometric structures, their mappings, and transformations on
smooth manifolds represent the crucial part of contemporary dif-
ferential geometry. Mainly, modern differential geometry focuses
on mappings and transformations which preserve certain properties
of geometric objects, known as properties that are invariant under
these mappings and transformations.

As stated below, geodesics have great importance in differential
geometry and its applications. The history of geodesics goes back
to the 18th century to the work of J. Bernoulli and L. Euler. Next,
geodesic mappings are known from the works of E. Beltrami and
T. Levi-Civita in 19th century. The study of geodesic mappings
was followed by a study of almost geodesic and rotary mappings
dated back to the 20th century.

Geodesic, almost geodesic, and rotary mappings are special dif-
feomorphisms that map any geodesic of the first space onto geodesic,
almost geodesic, and isoperimetric extremal of rotation, respec-
tively. These topics are studied in detail in the monograph [R1].

The dissertation is dedicated to the topics mentioned in the pre-
vious paragraph. The main subject of this thesis is a study of
geodesic bifurcations, rotary, geodesic, and almost geodesic map-
pings of (pseudo-) Riemannian spaces and spaces with affine con-
nections.

Geodesics were first mentioned by Johann I. Bernoulli in his
letter to Leibniz in 1697. Details are described in monograph
[R1, pp. 119-121]. There are many textbooks devoted to the
theory of geodesics, but geodesics also appear in many papers
and special monographs about modern Differential Geometry, i.e.
[1,5,7,8,9, 10, 17, 18, 25, 31, 33, 34, 35, 40, 43, 49, 54].



The First Chapter of the thesis deals with a question about
the existence of geodesics. More precisely, there is an example of
geodesic bifurcation, which can be described as a situation where

two or more geodesics pass through a given point in a given direc-
tion, [R1, pp. 44-46], [R2, R5, R12], see also [49, 1].

Rotary mappings were introduced by Leiko in [20]; these are map-
pings that take any geodesic of one two-dimensional Riemannian
space onto the isoperimetric extremal of rotation of another two-
dimensional Riemannian space. Leiko and others published many
papers on rotary mappings and related problems. In particular, they
pointed out the importance of rotary mappings for physical appli-
cations [19, 21, 22, 24]. Leiko [23] also studied infinitesimal rotary
transformations, for other examples of infinitesimal transformations
see [12, 28, 32, 50, 51, 52]. Mikes, Sochor, Stepanova [30] found new
equations of isoperimetric extremals of rotation and Chuda, Mikes,
Sochor [6] also presented a more generalized definition of rotary
mappings.

The Second Chapter of the thesis is dedicated to a further study
of rotary mappings. For example, we have constructed a counterex-
ample to known results and found conditions of the existence of the

rotary mappings, [R1, pp. 137-148], [R4, R6, R7, R9, R10].

The Third Chapter includes new results in the theory of geodesic
and almost geodesic mappings. We found the equations of geodesic
and almost geodesic mappings between special manifolds, [R3, R11,
R13, R14]. Further, we briefly present the theory of geodesic and
almost geodesic mappings. There are many different approaches to
this theory, as well as many results.

Geodesics and their generalizations are essential, especially in
geometric structures studies. Let us mention E. Beltrami and his
contribution to non-Euclidean geometry in 1865. Mappings that
preserve geodesics were also studied during Beltrami’s time, later
known as geodesic mappings. T. Levi-Civita [25] provided some



interesting applications of geodesic mappings in terms of dynamic
processes modelling in mechanics. With this work, he contributed
to the basis of geodesic mappings in tensor form.

T. Levi-Civita, T. Thomas, H. Weyl significantly contributed to
the theory of general properties and dependencies of geodesic map-
pings. T. Levi-Civita found the equations describing geodesic map-
pings of Riemannian spaces and also found the metric form of Rie-
mannian spaces that admit geodesic mappings. T.Thomas and
H. Weyl found invariant objects of geodesic mappings. It is a fact
that any space with affine connection is locally projectively equiva-
lent to some equiaffine space. These “standard” results are stated
and further developed in monographs by L. P. Eisenhart [8, 9].

N.S. Sinyukov [43] derived fundamental equations of geodesic
mappings of Riemannian spaces, in a linear form, and thereby
found conditions for the existence of the geodesic mapping. He
also proved that the main equations for geodesic mappings of
(pseudo-) Riemannian spaces are equivalent to some linear Cauchy-
type system of differential equations in covariant derivatives.
J.Mikes and V.E. Berezovskii dealt with the same problem for
geodesic mapping of spaces with an equiaffine connection onto Rie-
mannian spaces. This result holds even for spaces with a general
affine connection.

Following the study of geodesic mappings, the term degree of mo-
bility of Riemannian manifolds with respect to geodesic mappings
was defined. It is a number of real parameters on which a solution
of a Cauchy-type system of partial differential equations depends.
Here, the existence of the solution of the system yields the existence
of geodesic mapping. In [16, 26], the authors found a connection be-
tween the degree of mobility with respect to geodesic mappings and
degrees of isometric, homothetic, and projective transformations.

The geodesic mappings theory focuses on geodesic mappings of
special spaces, namely spaces with constant curvature, Einstein,



equidistant, symmetric, semi-symmetric, recurrent spaces, and their
generalizations, see [2], [R1]. Geodesic deformations were studied
by M. L. Gavril¢enko, J. Mikes, and others. Finally, let us mention a
study of geodesic mappings of spaces with affine connection, Finsler,
and even more general spaces, see [26, 28, 31, 37, 39, 41, 43]. These
mappings are described in detail in [R1].

Many monographs are dedicated to generalizations of geodesic
mappings, such as almost geodesic mappings, holomorphically-
projective mappings, F-planar mappings, conformally-projective
mappings, and also their transformations and deformations.

The class of almost geodesic mappings is a natural generalization
of the class of geodesic mappings. N.S. Sinyukov [43] introduced
mapping, which maps any geodesic onto almost geodesic and enti-
tled it almost geodesic mapping. He also established three types of
almost geodesic mappings and denoted them my, 7o, and 73. Later,
V. Berezovskii and J. Mikes [4, 27] specified this classification and
proved that no other type than those three mentioned above exists.

In 1962, A.Z. Petrov [36] studied quasi-geodesic mappings and
showed that they could be used to simulate physical processes and
electromagnetic fields. Comparable results are presented in the
paper of C.L. Bejan and O. Kowalski [3]. The mappings ms(e) are
similar to those mentioned above. All these spaces are connected

with some affinor structure F', which can be interpreted as a force
field.

The theory of almost geodesic mappings was developed by
V.S. Shadnyi [42] and many others [37, 38, 39, 45, 46, 53]. Al-
most geodesic mappings of symmetric spaces were studied by
V.S. Sobchuk [44].

Nowadays, the theories of geodesics, geodesic mappings, and

their generalizations were developed in many directions, i.e. in
works [13, 14, 15, 47, 48].



2 The aim of the thesis

This Ph.D. thesis aims to study the existence of geodesic bifurca-
tions. It also further develops results in the theory of rotary map-
pings and transformations. Other subjects of study are geodesic
and almost geodesic mappings.

The main aims are:
— a detailed study of geodesic bifurcations and certain problems
related to this topic;

— a detailed study of rotary mappings and transformations of
(pseudo-) Riemannian spaces and the analysis of their equa-
tions;

— a study of geodesic and almost geodesic mappings of some
special spaces.

3 Methods

We use classical tensor calculus for Riemannian and pseudo-
Riemannian manifolds and manifolds with affine connection, in local
form, as well as in global form.



4 Results

I. Geodesic bifurcations

[R1, pp. 44-46, 186-187], [R2, R5, R12]

— A surface of revolution that admits geodesic bifurcations was
found.

— Based on the previous result, the bifurcation of closed geodesics
was constructed.

— We constructed n-dimensional Riemannian and Kahler product
spaces that admit local geodesic bifurcations and also bifurca-
tions of closed geodesic.

II. Rotary mappings and transformations

[R1, pp. 437-448], [R4, R6, R7, R9, R10]

— We proved that there exist spaces which are not isometric to
surfaces of revolution and concurrently admit rotary mappings.

— We performed an in-depth analysis of rotary vector field equa-
tions and obtained fundamental equations in the Cauchy-type
form.

— We proved that any surface of revolution with differentiable
Gaussian curvature admits rotary mappings.

— Lastly, we studied infinitesimal rotary transformations.



III. Geodesic and almost geodesic mappings

[R3, R11, R13, R14]

— We proved that under geodesic transformation, quadric sur-
faces of revolution map onto surfaces of revolution, which are
no longer quadric surfaces. Furthermore, these surfaces are
bounded in space.

— Additionally, we dealt with geodesic mappings of spaces with
an affine connection onto generalized Ricci symmetric spaces.
We obtained equations of these mappings in the form of a
Cauchy-type system of equations in covariant derivatives. We
specified the number of parameters for this system.

— We considered geodesic mappings of Riemannian spaces onto
Ricci-2-symmetric Riemannian spaces. The main equations of
the mappings were obtained as a closed Cauchy-type system
of differential equations in covariant derivatives. We estimated
the number of essential parameters on which the solution de-
pends.

— We found conditions that must be fulfilled for the canonical
almost geodesic mapping of m(e) type to preserve Riemannian
tensor. We derived the main equations of canonical almost
geodesic mapping of m(e) type in the form of a Cauchy-type
system of partial differential equations (PDE’s). The number
of real parameters was estimated.

10



5 Overview of the Ph.D. thesis

The Ph.D. thesis consists of introduction, three chapters, conclusion
and references.

I. Geodesic bifurcation

The First Chapter of the dissertation is dedicated to geodesics.
The question about the existence of geodesic is studied in detail. It
is proved that there exist geodesic bifurcations, that are described
as situations when two or more geodesics pass through the given
point in the given direction, [R2].

A different definition of bifurcations can be found in [49], where
geodesics connect two points but do not have the same direction at
any of them. Bifurcation theory is presented in [1].

Besides other examples in thesis, the following theorem is proved.
Theorem 1. Let Sy be a surface of revolution given by the equations:
r=r(u)cosv, y=r(u)sinv, z=z(u),

where v is a parameter from (—m,w) and v € I C R, where
I = (uy,us). Geodesic bifurcations exist on the surface of revo-
lution Sy for a € (0.5,1).

These properties are usually omitted in the standard textbooks.

This result is used to construct the surface of revolution, where
bifurcations of closed geodesic exist, [R5]. Next, there are con-
structed Riemannian and Kahler product spaces, where these bi-
furcations also exist. The last example shows that it is also possi-
ble to construct the pseudo-Riemannian spaces with bifurcations of
isotropic geodesics, i.e., geodesics that have vanishing length, [R12].
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II. Rotary mappings and transformations

The Second Chapter is devoted to rotary mappings of spaces with
affine connection and Riemannian spaces.

In work [20] Leiko introduced the term rotary mappings between
two-dimensional Riemannian spaces. Chuda, Mikes and Sochor
[6] later generalized this definition for the manifolds with affine
connection.

Definition 1. A diffeomorfism f of two-dimensional manifold A,
onto two-dimensional (pseudo-) Riemannian manifold Vs is called
rotary mapping if any geodesic in Ay is mapped onto isoperimetric
extremal of rotation in V5.

Chudé, Mikes and Sochor [6] formulated necessary and sufficient
condition for the existence of the rotary mapping of the space
with an affine connection Ay onto the Riemannian space Vy. This
condition is the existence of a special torse-forming vector field 6
(in V) which satisfies

Vil =0-(0(X)+VyK/K)+v-X (1)

for any tangent vector X, where V is the Levi-Civita connection
on Vy, K is the Gaussian curvature, v is a function, the form © is
defined as O(X) = ¢g(#, X), and g is a metric of the space Vs.

The following theorem is proved.

Theorem 2. There exists a Riemannian space Vo which s not
1sometric with a surface of revolution and where the wvector field
satisfying equations (1) exists.

Moreover, Leiko [20] claimed that if Riemannian space admits
rotary mapping then it is isometric to surface of revolution. This
statement is not valid and the following theorem holds, [R6].
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Theorem 3. Let Ay be a space with affine connection, Vo any
(pseudo-) Riemannian space, and let f be a rotary mapping of As
onto Vo. Then, the local structure of the metric of Vo has the
form ds* = (dsr:l)2 + f(zt, 2?) - (dx2)2 where the function f satisfies
conditions /

Fe—tpilp 9.2

2 ” 2

f=c(z?) exp ([ Fda'),

where F'=01f/f.

It is obvious, that the function exp ( f F dxl) depends on both
variables z!', 22. Therefore, the space V5 is not generally isometric
to a surface of revolution.

In addition, there were found necessary condition for the exis-
tence of the vector fields described above, [R7].

Theorem 4. A two-dimensional (pseudo-) Riemannian mani-
fold Vo admits rotary vector field 0 if and only if the following closed
Cauchy-type system of PDE’s in covariant derivatives has a solution
with respect to functions 6;(x) and v(x):

Gi,j = 92(93 + @K/K) + ng'j,
v =v(0; — O,K/K) — KO; — 0,039°°0; K/ K + 0;g°°0,0; K/ K.

[ was proved [20], that only special surfaces of revolution admit
rotary mappings. This result is used in many Leiko’s papers.
In the thesis, it is proved that rotary vector fields exist in any

Riemannian space which is isometric with surface of revolution, thus
the following holds, [R4, R10].

Theorem 5. Let Sy be a surface of revolution and Ay space with
an affine connection. If Gaussian curvature K of the space Sy s
differentiable then there exist a rotary mapping of Ay onto Ss.

At the end of the Chapter, infinitesimal rotary transformations
are defined and the following is proved, [R10].
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Theorem 6. A differential operator X = £%(x)0, (0o = 0/0x)
determines an infinitesimal rotary transformation of (pseudo-) Rie-
mannian space Vo if and only if X satisfies

LD = 60y + 0"gi, 0% = 0"(0, + K;/K) 4 v,

where 1; is a covector, 61 is the Kronecker delta, 0" is a vector field,
g is a metric tensor, K (# 0) is the Gaussian curvature, and L¢ is
the Lie deriwative with respect to &.

These equations are in a simpler form, than equations presented
by Leiko [23].

I1I. Geodesic and almost geodesic mappings

The Third Chapter is aimed to study geodesic and almost geodesic
mappings of special spaces.

First, geodesic mappings of surfaces of revolution are studied in
detail. These mappings are generalizations of results presented by
I. Hinterleitner [11]. The following theorem is proved, [R3].

Theorem 7. Quadric surface of revolution (except a circular cylin-
der) admit non-trivial geodesic mappings and deformations under
which they remain surfaces of revolution. Surfaces (except circular
cylinder and sphere) obtained in these geodesic deformations are no
longer quadric surfaces.

Next, the main equations of geodesic mappings of spaces
with affine connection onto Ricci symmetric spaces and Ricci-2-
symmetric spaces are derived in a form of a closed Cauchy-type
system of equations in covariant derivatives. Similarly, the equa-
tions of geodesic mappings of spaces with affine connection onto
equiaffine Ricci symmetric spaces are derived, [R11, R13].
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Theorem 8. A manifold A, with affine connection admits a
geodesic mapping onto an equiaffine Ricci symmetric manifold A, if
and only if in A, exists a solution of a closed Cauchy-type equations
in the covariant derivative

Rijm = 2V Rij + Vi Rpj + ¥ Ri,

1 _
iy = —— [(n+ DRy — (nRyj + Rjp)| + ity

with respect to unknown functions R;j(z) (= Rji(x)) and v;(z).

The results mentioned above are generalizations of geodesic
mappings of special spaces, namely constant curvature, Einstein,
equidistant, symmetric, semi-symmetric, recurrent spaces, see [3, 8,
18, 25, 28, 35, 43, 54].

Finally, similar procedure is done for the almost geodesic map-
ping of type m(e). Thus, main equations of geodesic mappings of
special spaces are derived and two more theorems are formulated,
[R14]. Again, these results are generalizations of almost geodesic
mappings [29, 37, 38, 39, 42, 44, 45, 46, 53].
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6 Summary

This Ph.D. thesis is devoted to the study of specific problems related
to the theories of geodesics, rotary, geodesic, and almost geodesic
mappings of manifolds with metric and affine structures.

The First Chapter deals with bifurcations of geodesics, i.e., with
questions about the existence of two or more geodesics passing
through the same point in the same direction. The original result
is proof of the existence of surfaces of revolution that admit these
bifurcations. In response to this result, surfaces where bifurcation
of closed geodesic exists were constructed. Furthermore, (pseudo-)
Riemannian and Kahler product spaces that contain these bifurca-
tions are also constructed.

The Second Chapter is dedicated to rotary mappings and trans-
formations. The Riemannian space that admits rotary mapping
and at the same time is not isometric with a surface of revolution
is found. This is a counterexample to known results. Another orig-
inal result is a description of a method that determines whether
the rotary vector field exists in (pseudo-) Riemannian space. The
existence of this vector field yields the existence of rotary mapping
onto (pseudo-) Riemannian spaces. The chapter is completed with
a detailed study of rotary transformation.

The Third Chapter includes both geodesic and almost geodesic
mappings. The geodesic transformations of quadric surfaces of rev-
olution are studied in detail. Finally, the main equations of geodesic
and almost geodesic mappings between some special manifolds are
found in the form of a Cauchy-type system of partial differential
equations.

Results presented in the Ph.D. thesis were included, especially
in monograph J. Mikes, L. Ryparova et al. Differential geometry of
special mappings, Palacky University, Olomouc, 2019.
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7 Anotace

Disertacni prace je zamérena na studium nékterych problému spja-
tych s teoriemi geodetickych krivek, rotacnich, geodetickych a témér
geodetickych zobrazeni variet s metrickymi nebo afinnimi struktu-
rami.

Prvni kapitola disertacni prace se zabyva geodetickymi bifurka-
cemi, tj. otdzkami existence vice geodetik prochazejicich danym
bodem ve stejném sméru. Puvodnim vysledkem je dukaz existence
rotacnich ploch, které pripoustéji geodetické bifurkace. V navaz-
nosti na ziskané vysledky jsou zkonsturovany plochy, na kterych
existuji bifurkace uzavienych geodetik. Dale jsou zkonstruovany
(pseudo-) Riemannovy a Kéhlerovy produktové prostory, v nichz
existuji geodetické bifurkace.

Druha kapitola je vénovana rotacnim zobrazenim a transfor-
macim. Jsou zde nalezeny Riemannovy prostory, které pripoustéji
rotacni zobrazeni a zaroven nejsou izometrické rotacnim plocham.
Toto je protipriklad k doposud znamym vysledkum. Dalsim vys-
ledkem je popis metody, pomoci které lze urcit, zda v (pseudo-)
Riemannové prostoru existuji rotacni vektorova pole. 7 existence
zminovanych vektorovych poli pak vyplyva i existence rotacnich
zobrazeni na nékteré (pseudo-) Riemannovy prostory. Kapitola je
ukonc¢ena studiem rotacnich transformaci.

Treti kapitola pojednava o geodetickych a témér geodetickych
zobrazenich. Studuji se zde geodeticka zobrazeni rotac¢nich kvadrik.
Jsou odvozeny rovnice geodetickych a témér geodetickych zobrazeni
mezi speciadlnimi varietami ve tvaru uzavieného systému parcialnich
diferencidlnich rovnic Cauchyho typu.

Vysledky predlozené v této praci byly zarazeny zejména do mono-
grafie J. Mikes, L. Ryparova et al. Differential geometry of special
mappings, Palacky University, Olomouc, 2019.
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