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Basic notation

N set of all integers
R set of all real numbers
[a, b] closed interval in R

(a, b) open interval in R

R
N , N ∈ N real N -dimensional Euclidian space

Ω ⊂ R
N , N ∈ N subset of R

N

∂Ω boundary of Ω
u · v scalar product of vectors
A : B scalar product of matrices
u ⊗ v tensor product
Cn(Ω), n ∈ N set of all functions with countinuous derivatives

up to the order n
C∞(Ω) set of all functions with countinuous derivatives

of any order
Cn

0 (Ω), n ∈ N set of all functions with countinuous derivatives
up to the order n with compact support in Ω

C∞
0 (Ω) set of all functions with countinuous derivatives

of any order with compact support in Ω
D(Ω) C∞

0 (Ω) with the topology of locally uniform convergence
‖.‖X norm in X
X∗ dual space of X
|Ω| Lebesgue measure of Ω
χΩ characteristic function of Ω
∂iu derivative of u according to i-th space variable
∂tu derivative of u according to time variable
∇u gradient of u
Du symetric part of ∇u

→֒ imbedding
→֒→֒ compact imbedding
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Introduction

The aim of the diploma Thesis is to study the behaviour of the variational

solutions to Navier-Stokes equations describing viscous compressible isothermal

fluids with nonlinear stress tensors (for the formulation of the problem see Section

2) in a sequence of domains {Ωn}∞n=1, which converges to a domain Ω. This

convergence of domains is defined by the Sobolev-Orlicz capacity. We prove that

the solutions converge to a solution of the respective Navier-Stokes equations in

Ω. This problem was first studied in [1] for barotropic fluids.

The result obtained in the Thesis can be applied to generalization of the

existence result proved in [4], [5] and [9], where C2+µ-regularity of the boundary

of the domain was required. After the convergence of the sequence Ωn, the

existence result covers all Ω having C0,1-regularity of its boundary. Moreover,

the results of the Thesis provide mathematical apparatus for shape optimization.

The thesis is organized as follows: In Section 1, a corollary to of Alaouglu

theorem is presented. Then Young functions and their properties are introduced.

Next some theory of Orlicz and Sobolev-Orlicz spaces is explained, especially

the spaces generated by fast growing functions. Sobolev-Orlicz capacity is also

defined and the considered convergence of the domains introduced. In Section 2

the problem formulation and the main result of the Thesis is presented. Some

auxiliary lemmas and their proofs are post poned to Section 3. These assertions

will be used in the last section. In Section 4, apriori estimates are derived, which

enable us to pass to weakly convergent subsequences. The last section uses the

results of Sections 1, 3 and 4 to prove the main result.
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1 Preliminaries

1.1 Some notes from functional analysis

Definition 1.1. Let X be a normed linear space and X∗ its dual space. A

sequence {un}∞n=1 ⊂ X is said to converge weakly to u ∈ X (denoted by un ⇀ u),

if ϕ(un) → ϕ(u) for any ϕ ∈ X∗.

Definition 1.2. Let X be a normed linear space. A sequence {ϕn}∞n=1 ⊂ X∗ is

said to converge weakly-∗ to ϕ (denoted by ϕn
∗
⇀ ϕ), if ϕn(u) → ϕ(u) for any

u ∈ X.

Theorem 1.3. Let X be a separable normed linear space. Then every bounded

sequence {ϕn}∞n=1 in X∗ contains a weak-∗ convergent subsequence.

Proof: For a sketch of the proof see [3, page 270].

1.2 Young functions and function spaces

Definition 1.4. We say that Φ is a Young function if

Φ(z) =

∫ z

0

ϕ(y) dy, z ≥ 0,

where ϕ is a real-valued function defined in [0,∞) such that

(i) ϕ(0) = 0,

(ii) ϕ(y) > 0 for y > 0,

(iii) ϕ is right continuous at any point y ≥ 0,

(iv) ϕ is nondecreasing in (0,∞],

(v) lim
y→∞

ϕ(y) = ∞.

Lemma 1.5. Every Young function Φ is continuous, nonnegative, strictly in-

creasing and convex in [0,∞). Moreover,

Φ(0) = 0, lim
z→∞

Φ(z) = ∞,
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lim
z→0+

Φ(z)

z
= 0, lim

z→∞

Φ(z)

z
= ∞,

Φ(αz) ≤ αΦ(z), α ∈ [0, 1], z ≥ 0,

Φ(βz) ≥ βΦ(z), β > 1, z ≥ 0.

Proof: See [2, page 129].

Definition 1.6. Let Φ be a Young function generated by the function ϕ, i.e.

Φ(z) =

∫ z

0

ϕ(y) dy.

If we denote

ψ(y) = sup
ϕ(z)≤y

z, z ≥ 0,

then the function

Ψ (z) :=

∫ z

0

ψ(y) dy

is called the complementary function to Φ.

Remark 1.7. If Φ is a Young function then its complementary function Ψ is a

Young function as well.

Remark 1.8. If Ψ is complementary to Φ then Φ is complementary to Ψ . We

can also call Φ, Ψ a pair of complementary Young functions.

Theorem 1.9 (Young’s inequality). Let Φ, Ψ be a pair of complementary Young

functions. Then for all u, v ∈ [0,∞) we have

uv ≤ Φ(u) + Ψ (v).

The equality occurs if and only if

v = ϕ(u) or u = ψ(v).

Proof: For a sketch of the proof see [2, page 65].
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Definition 1.10. A Young function Φ is said to satisfy the ∆2-condition if there

exist k > 0 and z0 ≥ 0 such that

Φ(2z) ≤ kΦ(z), ∀z ≥ z0.

If z0 = 0, we call the ∆2-condition global.

Lemma 1.11. A Young function Φ satisfies the ∆2-condition if and only if there

exist k > 0 and z0 ≥ 0 such that

Ψ (z) ≤ 1

2k
Ψ (kz), ∀z ≥ z0,

where Ψ is the complementary function to Φ.

Proof: See [2, page 139].

Definition 1.12. Let Φ1, Φ2 be two Young functions. If there exist positive

constants k and z0 such that

Φ1(z) ≤ Φ2(kz) for z ≥ z0,

we write down this fact as

Φ1 ≺ Φ2.

If

Φ1 ≺ Φ2 and Φ2 ≺ Φ1

we say that Φ1 and Φ2 are equivalent.

Definition 1.13. Let Φ1, Φ2 be two Young functions. If

lim
z→∞

Φ1(z)

Φ2(λz)
= 0

for all λ > 0, we denote it by

Φ1 ≺≺ Φ2.

Theorem 1.14 (Jensen’s inequality). Let Φ be convex in R.
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• Let u1, . . . , un ∈ R and α1, . . . , αn be positive numbers. Then

Φ

(
α1u1 + · · ·+ αnun
α1 + · · ·+ αn

)
≤ α1Φ(u1) + · · · + αnΦ(un)

α1 + · · ·+ αn
. (1.1)

• Let α(x) be defined and positive almost everywhere in Ω ⊂ R
N . Then

Φ

(∫
Ω
u(x)α(x) dx∫
Ω
α(x) dx

)
≤

∫
Ω
Φ(u(x))α(x) dx∫

Ω
α(x) dx

(1.2)

for every nonnegative function u provided all the integrals are finite.

Proof: See [2, page 133].

Definition 1.15. Let Ω ⊂ R
N be an open set and let Φ be a nonnegative function

defined in [0,∞). The set of all Lebesgue-measurable functions u defined almost

everywhere in Ω such that

ρ(u;Φ) :=

∫

Ω

Φ(|u(x)|) dx <∞

is called the Orlicz class and denoted by L̃Φ(Ω).

Remark 1.16. Special cases of the Orlicz classes are Lebesgue spaces Lp(Ω),

p ≥ 1. We just put Φ(t) = ctp, where c > 0 is an arbitrary constant.

Theorem 1.17. Let Φ and Ψ be a pair of complementary Young functions, u ∈
L̃Φ(Ω) and v ∈ L̃Ψ (Ω). Then uv ∈ L1(Ω) and

∫

Ω

|u(x)v(x)| dx ≤
∫

Ω

Φ(|u(x)|) dx +

∫

Ω

Ψ (|v(x)|) dx.

Proof: The assertion follows directly from Theorem 1.9.

Lemma 1.18. Let Φ be a Young function. Then L̃Φ(Ω) is a convex set and

L̃Φ(Ω) ⊂ L1(Ω)

for |Ω| <∞.

Proof: See [2, page 130]
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Definition 1.19. Let Φ, Ψ be a pair of complementary Young functions. The

set of all Lebesgue-measurable functions u defined almost everywhere in Ω such

that

‖u‖Φ := sup

{∫

Ω

|u(x)v(x)| dx; v ∈ L̃Ψ (Ω), ρ(v;Ψ ) ≤ 1

}
<∞

is called the Orlicz space and denoted by LΦ(Ω).

Theorem 1.20. Let Φ1, Φ2 be two Young functions. Then LΦ1
(Ω) →֒ LΦ2

(Ω) if

and only if Φ2 ≺ Φ1.

Proof: See [2, page 185].

Theorem 1.21 (Hölder’s inequality). Let Φ, Ψ be a pair of complementary Young

functions, u ∈ LΦ(Ω) and v ∈ LΨ (Ω). Then uv ∈ L1(Ω) and

∫

Ω

|u(x)v(x)| dx ≤ ‖u‖Φ‖v‖Ψ .

Proof: See [2, str. 152].

Theorem 1.22. Let Φ satisfy the ∆2-condition. Then the Orlicz space LΦ(Ω) is

separable.

Proof: See [2, page 161].

Definition 1.23. The space EΦ(Ω) is defined to be the closure of B(Ω), i.e. of

the set of all bounded measurable functions defined in Ω, with respect to the

norm ‖ · ‖Φ.

Remark 1.24. It generally holds

EΦ(Ω) ⊆ L̃Φ(Ω) ⊆ LΦ(Ω),

where the equality occurs if and only if Φ satisfies the ∆2-condition.

Theorem 1.25. Let Φ1, Φ2 be two Young functions. If Φ2 ≺≺ Φ1, then LΦ1
(Ω) →֒

EΦ2
(Ω).

Proof: See [2, page 189].
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Theorem 1.26. EΦ(Ω) is a separable space.

Proof: See [2, page 166].

Theorem 1.27. Let F be a continuous linear functional in EΦ(Ω). Then there

exists a uniquely determined function v ∈ LΨ (Ω) such that

F (u) =

∫

Ω

u(x)v(x) dx, ∀u ∈ EΦ(Ω).

Proof: See [2, page 169].

Remark 1.28. The assertion of the foregoing theorem can be expressed as

LΨ (Ω) = [EΦ(Ω)]∗.

Definition 1.29. We say that a sequence {un}∞n=1 ⊂ LΦ(Ω) converges EΨ -weakly

to u ∈ LΦ(Ω), denoted by un
Ψ
⇀ u, for n→ ∞ if

∫

Ω

unv dx →
∫

Ω

uv dx

for any function v ∈ EΨ (Ω).

Remark 1.30. In view of Theorem 1.27 it is obvious that the EΨ -weak conver-

gence (Definition 1.29) coincides with the weak-∗ convergence (Definition 1.2).

Furthermore, it follows from Theorem 1.3 and Theorem 1.26 that every Orlicz

space LΦ(Ω) is EΨ -weakly compact.

Definition 1.31. Let Φ be a Young function, let X be a Banach space and Q

be a nonempty bounded open subset of R
N . Denote by LΦ(Q;X) the set of all

measurable mappings u : Q→ X such that

‖u‖LΦ(Q;X) := sup

{∫

Q

‖u(t)‖X|v(t)| dt; v ∈ L̃Ψ (Q), ρ(v;Ψ ) ≤ 1

}
<∞.
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Definition 1.32. We say that a sequence {un}∞n=1 ⊂ LΦ1
(0, T ;LΦ2

(Ω)) converges

weak-∗ to u ∈ LΦ1
(0, T ;LΦ2

(Ω)) if

∫ T

0

ϕ(t)

∫

Ω

un(x, t)ψ(x) dx dt→
∫ T

0

ϕ(t)

∫

Ω

u(x, t)ψ(x) dx dt

for every ψ ∈ EΨ2
(Ω) and ϕ ∈ EΨ1

(0, T ).

Definition 1.33. We define Sobolev-Orlicz space W kLΦ(Ω) as the space of all

functions u such that

‖u‖k,Φ :=

√ ∑

α,|α|≤k

‖Dαu‖2
Φ <∞,

the space W kEΦ(Ω) as the closure of C∞(Ω) with respect to the norm ‖ · ‖k,Φ and

the space W k
0 LΦ(Ω) as the closure of C∞

0 (Ω) with respect to the same norm. We

denote

W−1LΦ(Ω) =
[
W 1

0LΨ (Ω)
]∗
,

where Ψ is the complementary function to Φ.

Definition 1.34. We say that a sequence {un}∞n=1 ⊂ W 1LΦ(Ω) converges EΨ -

weakly to u ∈ W 1LΦ(Ω), un
Ψ
⇀ u in W 1LΦ(Ω), if un

Ψ
⇀ u and simultaneously

∇un Ψ
⇀ ∇u.

Definition 1.35. Let us denote

KΦ :=
{
v ∈ LΦ(R

N); v ≥ 0, ∂iv ∈ LΦ(R
N), i = 1, . . . , N

}

and define the Φ-capacity of a set M ⊂ R
N as

capΦ(M) := inf

{∫

RN

Φ(|∇v|) dx; v ∈ KΦ, v ≥ 1 in M

}
.

Remark 1.36. Note that

capΦ(K) = inf

{∫

RN

Φ(|∇v|) dx; v ∈ D(RN), v ≥ 1 in M

}

for each compact K ⊂ R
N . See [7, page 134].
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Definition 1.37. Assume that Φ is a Young function. Let {Ωn}∞n=1 be a sequence

of open sets in R
3. We say that Ωn converges to an open set Ω ⊂ R

3 with respect

to Φ, denoted by Ωn
Φ−→ Ω, if

• for any compact set K ⊂ Ω there exists m ∈ N such that

K ⊂ Ωn ∀n ≥ m, (1.3)

• the sets Ωn \ Ω are bounded and

capΦ(Ωn \ Ω) → 0 pro n→ ∞. (1.4)

1.3 Fast growing Young functions

Definition 1.38. We define the Young functions

Φ1(z) := z ln(1 + z),

Φγ(z) := (1 + z) lnγ(1 + z) for γ > 1.

and denote Ψ1, Ψγ their complementary functions. Next we define the Young

function

M(z) := ez − z − 1

and M stands for its complementary function. Let us denote Φ 1

α
(z) the Young

functions with the asymptotic growth z ln
1

α (z) for z ≥ z0 > 0, α ∈ (1,∞), and

Ψ 1

α
(z) their complementary functions.

Definition 1.39. Let us define the spaces

X := {v : Ω → R
N ; v|∂Ω = 0,Dv ∈ LM(Ω)},

Y := {v : Ω× (0, T ) → R
N ; v(t)|∂Ω = 0 for a.a. t ∈ (0, T ),Dv ∈ LM(Ω× (0, T ))}

and their norms

‖v‖X := ‖Dv‖M,Ω, ‖v‖Y := ‖Dv‖M,Ω×(0,T ).
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Lemma 1.40. Let Φγ be the Young functions established in Definition 1.38 for

γ > 0. Then their complementary functions satisfy the estimates

c1e
( z

c)
1
γ ≤ Ψγ(z) ≤ c2e

2z
1
γ

for z ≥ z0(γ) > 0, c(γ) > 0 and ci(γ) > 0.

Proof: See [9, page 13].

Remark 1.41. It follows from the foregoing lemma, that Ψ1 and M are equiva-

lent. The same holds for Φ1 and M .

Lemma 1.42. Young functions Φγ, γ ≥ 1, satisfy the global ∆2-condition.

Proof: See [9, page 14].

Lemma 1.43. Relationship between Young functions Φγ1 and Φγ2 is Φγ1 ≺≺ Φγ2

for 0 < γ1 < γ2. For their complementary functions it then holds Ψγ2 ≺≺ Ψγ1.

Proof: See [9, page 14].

Theorem 1.44 (Korn’s inequality). Let u ∈W 1,p
0 (Ω) for all p > 1. Then

‖u‖1,p ≤
cp2

p− 1
‖Du‖p.

Proof: See [4].

Lemma 1.45. Let u ∈ LΨ2
(Ω), v ∈ LΨ1

(Ω) and

‖u‖p ≤ cp‖v‖p, ∀p ≥ 2,

where the constant c does not depend on p. Then

‖u‖Ψ2
≤ c‖v‖M .

Proof: See [9, page 17].
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Theorem 1.46. Let u ∈ L̃M (Ω×(0, T )). Then u ∈ LM(0, T ;LM(Ω)). Let further

v ∈ L̃Φ1
(Ω × (0, T )). Then u ∈ LΦ 1

α

(0, T ;LΦ 1
β

(Ω)) for α, β ∈ (1,∞) such that

1
α

+ 1
β

= 1.

Proof: See [9, page 22].

Theorem 1.47. Let u ∈ L̃Ψγ
(Ω × (0, T )), γ ≥ 1. Then u ∈ LΨγ

(0, T ;LΨγ
(Ω)).

Proof: We proceed similarly as in [9, page 22]. For functions ϕ ∈ LΦγ
(Ω),

∫
Ω
Φγ(|ϕ|) dx ≤ 1, and ψ ∈ LΦγ

(0, T ),
∫ T

0
Φγ(|ψ|) dt ≤ 1 we have

sup
ψ

∣∣∣∣
∫ T

0

ψ sup
ϕ

∫

Ω

uϕ dxdt

∣∣∣∣ ≤
∫ T

0

∫

Ω

Ψγ(u) dx dt+

+ sup
ψ

∫ T

0

sup
ϕ

∫

Ω

|ϕψ| lnγ(1 + |ϕψ|) dx dt+ c ≤

≤ c(u)

(
sup
ψ

∫ T

0

sup
ϕ

∫

Ω

|ϕψ| lnγ
(
(1 + |ϕ|)(1 + |ψ|)

)
dx dt+ 1

)
≤

≤ c(u)

(
sup
ψ

∫ T

0

sup
ϕ

∫

Ω

|ϕψ|
(

ln(1 + |ϕ|) + ln(1 + |ψ|)
)γ

dx dt+ 1

)
≤

≤ c(u)

(
sup
ψ

∫ T

0

sup
ϕ

∫

Ω

|ϕψ| lnγ(1 + |ϕ|) dxdt+

+ sup
ψ

∫ T

0

sup
ϕ

∫

Ω

|ϕψ| lnγ(1 + |ψ|) dx dt+ 1

)
=

= c(u)

(
sup
ψ

∫ T

0

|ψ| dt sup
ϕ

∫

Ω

|ϕ| lnγ(1 + |ϕ|) dx+

+ sup
ψ

∫ T

0

|ψ| lnγ(1 + |ψ|) dt sup
ϕ

∫

Ω

|ϕ| dx + 1

)
<∞,

where we have used the Young inequality and the Jensen inequality (1.1). �

2 Formulation of the problem and main results

We consider a system of equations describing flow of the compresible isother-

mal fluids with nonlinear stress tensor. This system is composed of the continuity
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equation

∂tρ+ div(ρu) = 0 in Ω (2.1)

and the momentum equation

∂t(ρu) + div(ρu ⊗ u) + ∇ρ− div S(Du) = ρf in Ω, (2.2)

where Ω is a bounded domain in R
N . The system is completed by the boundary

condition

u(x, t) = 0, x ∈ Ω, t ∈ (0, T ), T > 0, (2.3)

and the initial conditions

ρ(x, 0) = ρ0(x) ≥ 0, x ∈ Ω, (2.4)

(ρu)(x, 0) = q0, x ∈ Ω. (2.5)

In addition, we assume that the stress tensor S satisfies these conditions:

1. S is coercive, i.e.

∫

Ω

S(Dv) : Dv dx ≥
∫

Ω

M(|Dv|) dx (2.6)

for any function v ∈ X,

2. S is monotone, i.e.

∫

Ω

(S(Dv) − S(Dw)) : (Dv − Dw)ϕ dx ≥ 0 (2.7)

for any v,w ∈ X and ϕ ∈ C∞
0 (Ω), ϕ ≥ 0,

3. S is bounded in the following sense:

∫

Ω

M(S(Dv)) dx ≤ c

(
1 +

∫

Ω

M(|Dv|) dx

)
(2.8)

for any functions v ∈ X and let S(v − εw)
M
⇀ S(v) for ε → 0 and any

function v ∈ Y such that Dv ∈ L̃M(Ω×(0, T )) and any w ∈ C∞
0 (Ω×(0, T )),
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4. S satisfies the estimate

∫ T

0

∫

Ω

|S(Dv1) − S(Dv2)| dxdt ≤ c(T, κ)

∫ T

0

‖Dv1(t) − Dv2(t)‖∞ dt

for vi ∈Mκ, i = 1, 2, where

Mκ :=
{
v ∈ C([0, T ];W 1,2

0 (Ω)) ∩ L∞(0, T ;W 1,∞(Ω));

‖v(t)‖∞ + ‖∇v(t)‖∞ ≤ κ for a.a. t ∈ [0, T ]} ,

5. if {Dun}∞n=1 ⊂ L̃M(Ω × (0, T )) is a sequence such that

Dun
M
⇀ Du in LM (Ω × (0, T ))

and
∫ T

0

∫

Ω

S(Dun) : Dun dxdt ≤ c for all n ∈ N,

then

lim inf
n→∞

∫ t

0

∫

Ω

S(Dun) : Dun dx dt ≥
∫ t

0

∫

Ω

S(Du) : Dudx dt (2.9)

for all t ∈ [0, T ] and any Ω.

Note that such a tensor really exist. As an example we can take

S(Du) =

{
M(|Du|)Du

|Du|2
for Du 6= 0,

0 for Du = 0.

For the proof that it satisfies the above mentioned conditions see [9, page 43].

Definition 2.1. Couple (ρ,u) is called the variational solution of system (2.1)-

(2.5) if

• the density ρ is a nonnegative function,
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• continuity equation (2.1) is satisfied in the in the sense of distribution in

R
3 and in the sense of renormalized solution, i.e.

∂tb(ρ) + div(b(ρ)u) + (b′(ρ)ρ− b(ρ)) div u = 0 in D′(R3 × (0, T )) (2.10)

for any b ∈ C1([0,∞)) such that b and b′ are bounded provided ρ and u

were extended to be zero outside Ω,

• u satisfies (2.3) in the sense of traces and equation (2.2) holds in space

D′(Ω × (0, T )),

• the energy inequality

E(τ) +

∫ τ

0

∫

Ω

S(u) : Dudx dt ≤ E(0) +

∫ τ

0

∫

Ω

ρf · u dx dt (2.11)

holds for a.a. t ∈ [0, T ], where

E(t) =
1

2

∫

Ω

(
ρ(t)|u(t)|2 + ρ(t) ln ρ(t)

)
dx,

E(0) =
1

2

∫

Ω

( |q0|2
ρ0

+ ρ0 ln ρ0

)
dx,

• the initial conditions are satisfied in the sense

lim
t→0+

∫

Ω

ρ(t)η dx =

∫

Ω

ρ0η dx, ∀η ∈ D(Ω),

lim
t→0+

∫

Ω

ρ(t)u(t) · η dx =

∫

Ω

q0 · η dx, ∀η ∈ D(Ω),

Theorem 2.2. Assume that ∂Ω ∈ C2+µ and tensor S satisfies conditions 1.-5.

Let f ∈ L̃Ψβ
2

(Ω × (0, T )), β > 2. For given initial data ρ0 ∈ LΦβ
(Ω) and q0 such

that |q0|
2

ρ0
:= 0 if ρ0 = 0 and |q0|

2

ρ0
∈ L1(Ω) for ρ0 > 0 there exist functions

ρ ∈ L∞(0, T ;LΦβ
(Ω)), u ∈ Y
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such that couple (ρ,u) is the variational solution of (2.1)-(2.5). In addition

d

dt

(∫

Ω

1

2
ρ|u|2 + ρ ln ρ dx

)
+

∫

Ω

S(Du) : Dudx =

∫

Ω

ρf · u dx

in D′(Ω × (0, T )).

Proof: See [9, page 73].

The main result states:

Theorem 2.3. Let {Ωn}∞n=1 be a sequence of open sets in R
3 such that Ωn

Ψ2−→ Ω

(see Definition 1.37) where Ω is a nonempty open set. Assume that tensor S

satisfies conditions 1.-5. Let (ρn, un) be a variational solution of the problem

(2.1)-(2.5) in Ωn× (0, T ) with the driving force fn = fχΩn
, f ∈ L̃Ψβ

2

(Ω× (0, T )),

β > 2, and initial data ρn0 = ρ0χΩn
, ρ0 ∈ LΦβ

(Ω), and qn0 = q0χΩn
such that

|q0|
2

ρ0
:= 0 if ρ0 = 0 and |q0|

2

ρ0
∈ L1(Ω) for ρ0 > 0. Then (passing to subsequences

if necessary) we have

ρn → ρ in C(〈0, T 〉;Lweak
Φβ

(R3)),

un
∗
⇀ un in LM (0, T ;W 1

0LΨ2
(R3)),

Dun
∗
⇀ Du in LM (0, T ;LM(R3))

and

ρnun → ρu in C(〈0, T 〉;Lweak
Φβ

(R3)),

where (ρ, u) is a variational solution of the problem (2.1)-(2.5) in Ω × (0, T )

driven by the force f with initial data ρ0 and q0.

We assume that the stress tensor S satisfies all the conditions 1.-5. but in

fact we do not use the fourth condition in the whole text. It is introduced only

because of Theorem 2.2.

Corollary 2.4. The conclusion of Theorem 2.2 then keeps valid even if ∂Ω ∈
C0,1.
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3 Auxiliary assertions

Lemma 3.1. If Du ∈ L̃M(Ω × (0, T )), then u ∈ Lq(0, T ;L∞(Ω)) for q ∈ [1,∞).

Proof: First we show that Du ∈ Lq(0, T ;Lp(Ω)) for arbitrary p ∈ [1,∞).

Indeed,

∫

Ω

|Du|p dx ≤ c

(∫

Ω

M
1

q (|Du|) dx + 1

)
≤ c

((∫

Ω

M
1

q (|Du|) dx

)p

+ 1

)
,

because |z|p ≤ e
|z|
q + c and |a| ≤ |a|p + 1, and thus we can write

∫ T

0

(∫

Ω

|Du|p dx

) q
p

dt ≤ c

(∫ T

0

(∫

Ω

M
1

q (|Du|) dx

)q

dt+ 1

)
≤

≤ c

(
|Ω|q−1

∫ T

0

∫

Ω

M(|Du|) dx dt+ 1

)
,

where we have used the Jensen inequality (1.2). From the fact that Du ∈
Lq(0, T ;Lp(Ω)) it follows from Theorem 1.44 that u ∈ Lq(0, T ;W 1,p

0 (Ω)) for arbi-

trary p ∈ [1,∞). SinceW 1,p(Ω) →֒ L∞(Ω) for p > N , we get u ∈ Lq(0, T ;L∞(Ω)).

�

Lemma 3.2. Let Du ∈ L̃M(Ω × (0, T )) and ρ ∈ L∞(0, T ;LΦβ
(Ω)), β > 2, be a

solution of (2.1) in the sense of distributions. Then

∫

Ω

ρ dx =

∫

Ω

ρ0 dx a.e. ∈ (0, T ).

Proof: Let us recall the fact (see [9, page 45, Lemma 4.1]) that if we extend the

functions ρ and u to be zero outside Ω, then the equation (2.1) is satisfied in the

space D′(R3 × (0, T )). Similarly as in [1, page 5] we take a sequence

ϕj ∈ D(R3), ϕj ≥ 0, sup
x∈R3

|∇ϕj(x)| < 1/j, ϕj ↑ 1 for j → ∞

and take the test functions of the form ϕj(x)ψ(t) with ψ ∈ D(0, T ) to deduce

∫

R3

ρ(τ)ϕj dx =

∫

R3

ρ(0)ϕj dx +

∫ τ

0

∫

R3

ρu · ∇ϕj dx dt
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for a.a. τ ∈ (0, T ). Since ρ ∈ L∞(0, T ;LΦβ
(R3)) and u ∈ L2(0, T ;L∞(R3)), then

ρu ∈ L2(0, T ;L1(R3)). Indeed,

∫ T

0

(∫

R3

|ρu|
)2

dt ≤
∫ T

0

(‖ρ(t)‖1‖u(t)‖∞)2 dt ≤

≤ ‖ρ‖2
L∞(0,T ;L1(R3))

∫ T

0

‖u(t)‖2
∞ dt = ‖ρ‖2

L∞(0,T ;L1(R3))‖u‖2
L2(0,T ;L∞(R3)).

Recall that ρ(t) ∈ L1(R3) because it is extended to be zero outside Ω, which is a

bounded domain. Thus for j → ∞ we infer

∫

Ω

ρ(τ) dx =

∫

R3

ρ(τ) dx = lim
j→∞

(∫

R3

ρ(0)ϕj dx +

∫ τ

0

∫

R3

ρu · ∇ϕj dx dt

)
=

= lim
j→∞

∫

R3

ρ(0)ϕj dx =

∫

R3

ρ(0) dx =

∫

Ω

ρ0 dx.

�

Let us denote B ⊂ R
N an open ball such that Ωn ⊂ B for every n ∈ N.

Lemma 3.3. Let Ωn
Ψ2−→ Ω and

wn
Φ2⇀ w in W 1

0LΨ2
(B),

where wn ∈W 1
0LΨ2

(Ωn). Then w ∈W 1
0LΨ2

(Ω).

Proof: According to (1.4) there exist functions ϕn ∈ D(B) such that

0 ≤ ϕn ≤ 1, ϕ ≡ 1 in Vn(Ωn \ Ω), ϕn → 0 in W 1
0LΨ2

(B),

where Vn(Ωn \ Ω) is an open neighbourhood of Ωn \ Ω. Put

vn = (1 − ϕn)Tk(wn),

where Tk are the cut-off functions,

Tk(z) = kT
(z
k

)
, k ≥ 1,
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with T ∈ C∞(R) such that T (−z) = T (z) for every z ∈ R, T being concave

in (0,∞) and

T (z) =

{
z for 0 ≤ z ≤ 1,
2 for z ≥ 3.

Functions Tk(wn) are obviously bounded in W 1
0LΨ2

(B) thus (passing to subse-

quence if necessary)

Tk(wn)
Φ2⇀ Tk(w) in W 1

0LΨ2
(B).

Furthermore, it is known from [2, page 358] that W 1
0LΨ2

(B) →֒→֒ Lp(B) for

arbitrary p ∈ N. Hence

Tk(wn) → Tk(w) in Lp(B).

Similarly

wn
Φ2⇀ w in W 1

0LΨ2
(B)

and

wn → w v Lp(B)

and thus it follows from the uniqueness of the limit that Tk(w) = Tk(w) and

we do not have to pass to the subsequence. Now we show that vn
Φ2⇀ Tk(w) in

W 1
0LΨ2

(B). For ψ ∈ EΦ2
(B) one has

∣∣∣∣
∫

B

((1 − ϕn)Tk(wn) − Tk(w))ψ dx

∣∣∣∣ ≤

≤
∣∣∣∣
∫

B

ϕnTk(wn)ψ dx

∣∣∣∣ +

∣∣∣∣
∫

B

(Tk(wn) − Tk(w))ψ dx

∣∣∣∣ ,

where ∣∣∣∣
∫

B

ϕnTk(wn)ψ dx

∣∣∣∣ ≤ 2k‖ϕn‖Ψ2
‖ψ‖Φ2

→ 0 for n→ ∞

and ∣∣∣∣
∫

B

(Tk(wn) − Tk(w))ψ dx

∣∣∣∣ → 0 for n→ ∞
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by virtue of the EΦ2
-weak convergence of Tk(wn) and

∣∣∣∣
∫

B

∇((1 − ϕn)Tk(wn) − Tk(w))ψ dx

∣∣∣∣ ≤

≤
∣∣∣∣
∫

B

∇ϕnTk(wn)ψ dx

∣∣∣∣ +

∣∣∣∣
∫

B

((1 − ϕn)∇Tk(wn) −∇Tk(w))ψ dx

∣∣∣∣ ≤

≤
∣∣∣∣
∫

B

∇ϕnTk(wn)ψ dx

∣∣∣∣ +

∣∣∣∣
∫

B

ϕn∇Tk(wn)ψ dx

∣∣∣∣ +

+

∣∣∣∣
∫

B

(∇Tk(wn) −∇Tk(w))ψ dx

∣∣∣∣ ,

where

∣∣∣∣
∫

B

∇ϕnTk(wn)ψ dx

∣∣∣∣ ≤ 2k‖∇ϕn‖Ψ2
‖ψ‖Φ2

→ 0 for n→ ∞,

∣∣∣∣
∫

B

ϕn∇Tk(wn)ψ dx

∣∣∣∣ ≤

≤
∣∣∣∣
∫

B

ϕn(∇Tk(wn) −∇Tk(w))ψ dx

∣∣∣∣ +

∣∣∣∣
∫

B

ϕnT
′
k(w)∇wψ dx

∣∣∣∣ ≤

≤
∣∣∣∣
∫

B

ϕn(∇Tk(wn) −∇Tk(w))ψ dx

∣∣∣∣ + ‖ϕn‖∞‖∇w‖Ψ2
‖ψ‖Φ2

→ 0 for n→ ∞

as a consequence of the EΦ2
-weak convergence of ∇Tk(wn) and the strong con-

vergence of ϕ to zero in L∞(Ω), and

∣∣∣∣
∫

B

(∇Tk(wn) −∇Tk(w))ψ dx

∣∣∣∣ → 0 for n→ ∞,

which follows from the EΦ2
-weak convergence of ∇Tk(wn). Consequently Tk(w) ∈

W 1
0LΨ2

(Ω) because obviously vn ∈ W 1
0LΨ2

(Ω) for every n ∈ N. But this also

means that w ∈W 1
0LΨ2

(Ω). �

Remark 3.4. If Ωn
Ψ2−→ Ω and

Dwn
M
⇀ Dw in LM (B),
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where Dwn ∈ LM(Ωn), then it follows from Lemma 1.45 that (passing to subse-

quence if necessary)

wn
Φ2⇀ w in W 1

0LΨ2
(B)

and according to the previous lemma w ∈W 1
0LΨ2

(Ω). Thus Dw ∈ LM (Ω).

4 Apriori estimates

Let us denote

θk(z) := Tk(Φβ(z)),

where Tk(z) are the cut-off functions defined on page 22. Consider the equation

(2.1) and put b(ρ) = θ′k(ρ) in the renormalized continuity equation to infer

d

dt

∫

Ω

θk(ρ(t)) dx −
∫

Ω

(
θk(ρ(t)) − θ′k(ρ(t))

)
div u(t) dx = 0.

Now letting k → ∞ we obtain

d

dt

∫

Ω

Φβ(ρ(t)) dx −
∫

Ω

(
Φβ(ρ(t)) − ρ(t)Φ′

β(ρ(t))
)

div u(t) dx = 0.

In the next step we use the fact that εM
(
z
c

)
and εM(2cz) are for arbitrary ε and

c complementary Young functions, M is equivalent with Φ1 (see Lemma 1.41)

and Φ1 satisfies the ∆2-condition (see Lemma 1.42). Employing to inequality

Φ1

(
zΦ′

γ(z) − Φγ(z)
)
≤ Φγ(z) + C,

see [9, page 56], we have

d

dt

∫

Ω

Φβ(ρ(t)) dx =

∫

Ω

(
Φβ(ρ(t)) − ρ(t)Φ′

β(ρ(t))
)

div u(t) dx ≤

≤ c(ε)

∫

Ω

Φ1

(
Φβ(ρ(t)) − ρ(t)Φ′

β(ρ(t))
)

dx + ε

∫

Ω

M

( | div u(t)|
c

)
dx ≤

≤ c(ε)

(∫

Ω

Φβ(ρ(t)) dx + 1

)
+ ε

∫

Ω

M

( | div u(t)|
c

)
dx

≤ c(ε)

(∫

Ω

Φβ(ρ(t)) dx + 1

)
+ ε

∫

Ω

M (|Du(t)|) dx,

24



where the constant c is taken from the inequality

| div u| ≤ c|Du|.

We add the obtained inequality to (2.11) and estimate the remaining term on

the right-hand side as follows

∫ τ

0

∫

Ω

ρf · udx dt =

∫ τ

0

∫

Ω

√
ρf · √ρu dx dt ≤

≤
∫ τ

0

∫

Ω

ρ|f |2 dx dt+

∫ τ

0

∫

Ω

ρ|u|2 dx dt ≤

≤
∫ τ

0

∫

Ω

Φβ(ρ) dx dt+

∫ τ

0

∫

Ω

Ψβ(|f |2) dx dt+

∫ τ

0

∫

Ω

ρ|u|2 dx dt ≤

≤ C +

∫ τ

0

∫

Ω

Φβ(ρ) dx dt+

∫ τ

0

∫

Ω

ρ|u|2 dx dt.

Using (2.6) we arrive to

1

2

∫

Ω

(
ρ(τ)|u(τ)|2 + ρ(τ) ln ρ(τ)

)
dx + (1 − ε)

∫ τ

0

∫

Ω

M(|Du|) dx dt+

+

∫

Ω

Φβ(ρ(τ)) dx ≤
∫ τ

0

∫

Ω

ρ|u|2 dx dt+ c(ε)

∫ τ

0

∫

Ω

Φβ(ρ(t)) dx dt+ C(f ).

From the integral Gronwall inequality we have

1

2

∫

Ω

ρ(τ)|u(τ)|2 dx +

∫

Ω

Φβ(ρ(τ)) dx ≤ C(ε, T ).

Altogether

1

2

∫

Ω

(
ρ(τ)|u(τ)|2 + ρ(τ) ln ρ(τ)

)
dx + (1 − ε)

∫ τ

0

∫

Ω

M(|Du|) dx dt+

+

∫

Ω

Φβ(ρ(τ)) dx ≤ C(ε, T,f).

Consequently

∫

Ω

ρ(t)|u(t)|2 dx ≤ C(ε, T,f), for a.a. t ∈ [0, T ], (4.1)

25



∫

Ω

ρ(t) ln ρ(t) dx ≤ C(ε, T,f), for a.a. t ∈ [0, T ], (4.2)

∫

Ω

Φβ(ρ(t)) dx ≤ C(ε, T,f), for a.a. t ∈ [0, T ], (4.3)

∫ T

0

∫

Ω

M(Du) dx dt ≤ C(ε, T,f). (4.4)

The estimates remain valid even if we replace ρ, u, f and Ω with ρn, un, fn

and Ωn.

5 Limit passages

5.1 Continuity equation

Consider a sequence {(ρn,un)}∞n=1 of variational solutions of the problem

(2.1)-(2.5) on corresponding sets Ωn. We extend this functions to be zero in

R
3 \ Ωn and take arbitrary open ball B ⊂ R

3 such that Ωn ⊂ B for all n ≥ m.

We can see from (4.3) that (passing to subsequence if necessary)

ρn
∗
⇀ ρ in L∞(0, T ;LΦβ

(B)). (5.1)

Similarly we get from (4.4) and Theorem 1.46 that (passing to a subsequence if

necessary)

Dun
∗
⇀ Du in LM(0, T ;LM(B)). (5.2)

Moreover, we know from Lemma 1.45 that

un
∗
⇀ u in LM (0, T ;W 1

0LΨ2
(B)), (5.3)

where u ∈ LM (0, T ;W 1
0LΨ2

(Ω)) from Lemma 3.3.

Recall that un are extended to be zero outside Ωn, thus

‖un‖L2(0,T ;L∞(B)) ≤ ‖un‖L2(0,T ;L∞(Ωn)) ≤ c‖Dun‖LM (0,T ;LM (Ωn)) < C(ε, T,f),

26



which follows from (4.4) and the proof of Theorem 1.47. From continuity equation

(2.1) we obtain for ϕ ∈ W 1
0LΨβ

(B) and ψ ∈ L2(0, T ) the estimate

∣∣∣∣
∫ T

0

ψ(t)〈∂tρn, ϕ〉 dt

∣∣∣∣ =

∣∣∣∣
∫ T

0

ψ(t)

∫

B

ρnun · ∇ϕ(x) dx dt

∣∣∣∣ ≤

≤
∫ T

0

|ψ(t)|‖ρn(t)‖Φβ
‖un(t)‖∞‖∇ϕ‖Ψβ

dt ≤

≤ ‖ψ‖2‖ρn‖L∞(0,T ;LΦβ
(B))‖un‖L2(0,T ;L∞(B))‖∇ϕ‖Ψβ

,

where we have used the conclusion of Lemma 3.1. Hence ∂tρn are uniformly

bounded in L2(0, T ;W−1LΦβ
(B)). Since ρn are uniformly bouded in the space

L∞(0, T ;LΦβ
(B)) and

W 1
0LΨβ

(B) →֒ W 1,p
0 (B) →֒→֒ C(B) →֒ EΨβ

(B), p > N,

i.e.

LΦβ
(B) →֒→֒ W−1LΦβ

(B),

one has from [8, page 85] that (passing to a subsequence if necessary)

ρn → ρ in C(〈0, T 〉;W−1LΦβ
(B))

and

ρn → ρ in C(〈0, T 〉;Lweak
Φβ

(B)), (5.4)

i.e. ∥∥∥∥
∫

B

(ρn − ρ)ψ dx

∥∥∥∥
C([0,T ])

→ 0 forn→ ∞

for every ψ ∈ EΨβ
(B). Since ρn are extended to be zero outside Ωn, the same

holds in C(〈0, T 〉;Lweak
Φβ

(R3)).

Now we are going to show the weak-∗ convergence of functions ρnun to ρu.
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At first we deduce for ϕ ∈ L̃Ψβ
2

(B) the estimate

∣∣∣∣
∫

B

ρn(t)un(t) · ϕ dx

∣∣∣∣ =

∣∣∣∣
∫

B

√
ρn(t)un(t) ·

√
ρn(t)ϕ dx

∣∣∣∣ ≤

≤
∫

B

ρn(t)|un(t)|2 dx +

∫

B

ρn(t)|ϕ|2 dx ≤

≤ c+

∫

B

Φβ(ρn(t)) dx +

∫

B

Ψβ(|ϕ|2) dx,

for a.a. t ∈ [0, T ], where we have used estimate (4.1). Therefore

ρnun
∗
⇀ ρu in L∞(0, T ;LΦβ

2

(B)).

It remains to show that ρu = ρu. Take arbitrary open ball B1 ⊂ B1 ⊂ Ω (this

implies B1 ⊂ Ωn for every n ≥ m). For ϕ ∈ W 1
0LΨβ

(B1) and ψ ∈ LΦ1
(0, T ) it

holds

∣∣∣∣
∫ T

0

ψ(t)

∫

B1

(ρnun − ρu) · ϕ(x) dx dt

∣∣∣∣ ≤

≤
∣∣∣∣
∫ T

0

ψ(t)

∫

B1

(ρn − ρ)un · ϕ(x) dx dt

∣∣∣∣ +

∣∣∣∣
∫ T

0

ψ(t)

∫

B1

ρ(un − u) · ϕ(x) dx dt

∣∣∣∣ .

For the first integral we have

∣∣∣∣
∫ T

0

ψ(t)

∫

B1

(ρn − ρ)un · ϕ(x) dx dt

∣∣∣∣ ≤

≤
∫ T

0

|ψ(t)|‖ρn(t) − ρ(t)‖W−1LΦβ
(B1)‖un(t) · ϕ‖W 1

0
LΨβ

(B1) dt ≤ (∗),

where

‖un(t) · ϕ‖W 1
0
LΨβ

(B1) = ‖un(t) · ϕ‖Ψβ ,B1
+ ‖∇(un(t) · ϕ)‖Ψβ ,B1

≤

≤ ‖un(t)‖∞,Ωn
‖ϕ‖Ψβ ,B1

+ ‖∇un(t)ϕ‖Ψβ ,B1
+ ‖un(t)∇ϕ‖Ψβ ,B1

≤

≤ ‖Dun(t)‖M,Ωn
‖ϕ‖Ψβ ,B1

+ ‖∇un(t)‖Ψβ ,Ωn
‖ϕ‖∞,B1

+ ‖un(t)‖∞,Ωn
‖∇ϕ‖Ψβ ,B1

≤

≤ ‖Dun(t)‖M,Ωn
(‖ϕ‖Ψβ ,B1

+ ‖ϕ‖∞,B1
+ ‖∇ϕ‖Ψβ ,B1

) ≤

≤ c‖Dun(t)‖M,Ωn
‖ϕ‖W 1

0
LΨβ

(B1),
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where we have used the assumption that β > 2 and Lemma 1.45, thus

(∗) ≤ c‖ψ(t)‖Φ1
‖ρn − ρ‖C(〈0,T 〉;W−1LΦβ

(B1))‖Dun‖LM (0,T ;LM (Ωn))‖ϕ‖W 1
0
LΨβ

(B1).

In the case of the second integral we use weak-∗ convergence (5.3). It only remains

to check that ρ(t)ϕ ∈ EΦ2
(B1) = LΦ2

(B1) (Φ2 satisfies the ∆2-condition). But

this is easy because for σ ∈ LΨ2
(B1) it holds

∫

B

ρ(t)ϕσ dx ≤ c‖ρ‖L∞(0,T ;LΦβ
(B1))‖ϕ‖∞‖σ‖Ψ2

.

Altogether

ρnun
∗
⇀ ρu in LM(0, T ;W−1LΦβ

(B1))

for arbitrary B1 ⊂ B1 ⊂ Ω and consequently from the uniquenes of the limit, the

definition of open sets and the prolongation of ρn, un, ρ and u function

ρnun
∗
⇀ ρu in L∞(0, T ;LΦβ

2

(B)).

Since the ball B was arbitrary, we have deduced that couple (ρ,u) satisfies

the equation

∂tρ+ div(ρu) = 0 in D′(R3 × (0, T )) (5.5)

and also in the sense of renormalized solution (see [9, Lemma 4.2, page 46]).

5.2 Momentum equation

In the foregoing part we assumed that the open ball B ⊂ R
3 satisfies Ωn ⊂ B

for n ≥ m. But here we will consider the case B ⊂ B ⊂ Ωn.

Now we are going to show the uniform boundedness of ρnun⊗un in the space

Lq(0, T ;LΦβ
(B)), q ∈ [1,∞). Let ϕ ∈ L̃Ψβ

(B) and ψ ∈ Lq
′
(0, T ), 1

q
+ 1

q′
= 1.

Then according to Lemma 3.1 and (4.4) for u = un and Ω = Ωn it follows

∣∣∣∣
∫ T

0

ψ(t)

∫

B

ρn|un|2ϕ(x) dx dt

∣∣∣∣ ≤
∫ T

0

|ψ(t)|‖ρn(t)‖Φβ
‖un(t)‖2

∞‖ϕ‖Ψβ
dt ≤

≤ ‖ψ‖q′‖ρn‖L∞(0,T ;LΦβ
(B))‖un‖2

L2q(0,T ;L∞(B))‖ϕ‖Ψβ
≤ (5.6)

≤ ‖ψ‖q′‖ρn‖L∞(0,T ;LΦβ
(B))‖un‖2

L2q(0,T ;L∞(Ωn))‖ϕ‖Ψβ
.
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In the next step we obtain from the momentum equation for ϕ ∈W 1
0LΨ 1

2

(B)

and ψ ∈ L̃Ψ 1
2

(0, T ) the estimate

∣∣∣∣
∫ T

0

ψ(t)〈∂t(ρnun),ϕ(x)〉 dt

∣∣∣∣ ≤
∣∣∣∣
∫ T

0

ψ(t)

∫

B

(ρnun ⊗ un) : Dϕ(x) dx dt

∣∣∣∣
︸ ︷︷ ︸

I1

+

+

∣∣∣∣
∫ T

0

ψ(t)

∫

B

ρn div ϕ(x) dx dt

∣∣∣∣
︸ ︷︷ ︸

I2

+

∣∣∣∣
∫ T

0

ψ(t)

∫

B

S(Dun) : Dϕ(x) dx dt

∣∣∣∣
︸ ︷︷ ︸

I3

+

+

∣∣∣∣
∫ T

0

ψ(t)

∫

B

ρnfn · ϕ(x) dx dt

∣∣∣∣
︸ ︷︷ ︸

I4

.

We now estimate integrals Ii, i = 1, 2, 3, 4, one by one:

I1 =

∣∣∣∣
∫ T

0

ψ(t)

∫

B

(ρnun ⊗ un) : Dϕ(x) dx dt

∣∣∣∣ ≤

≤
∫ T

0

|ψ(t)|‖ρn(t)un(t) ⊗ un(t)‖Φβ
‖Dϕ‖Ψβ

dt ≤

≤ ‖ψ‖q′‖ρnun ⊗ un‖Lq(0,T ;LΦβ
(B))‖Dϕ‖Ψβ

,

because we have already proved that ρnun ⊗ un are uniformly bounded in the

space Lq(0, T ;LΦβ
(B)),

I2 =

∣∣∣∣
∫ T

0

ψ(t)

∫

B

ρn div ϕ(x) dx dt

∣∣∣∣ ≤
∫ T

0

|ψ(t)|‖ρn(t)‖Φβ
‖ div ϕ‖Ψβ

dt ≤

≤ ‖ψ‖1‖ρn‖L∞(0,T ;LΦβ
(B))‖ div ϕ‖Ψβ

,

where we have used the fact that β > 2, and therefore L̃Ψ 1
2

(B) ⊂ L̃Ψβ
(B),

I3 =

∣∣∣∣
∫ T

0

ψ(t)

∫

B

S(Dun) : Dϕ(x) dx dt

∣∣∣∣ ≤

≤
∫ T

0

|ψ(t)|‖S(Dun(t))‖Φ 1
2

‖Dϕ‖Ψ 1
2

dt ≤
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≤ ‖ψ‖Ψ 1
2

‖S(Dun)‖LΦ 1
2

(0,T ;LΦ 1
2

(B))‖Dϕ‖Ψ 1
2

≤

≤ ‖ψ‖Ψ 1
2

‖Dϕ‖Ψ 1
2

c1

(∫ T

0

∫

B

M(|S(Dun)|) dx dt+ 1

)
≤

≤ ‖ψ‖Ψ 1
2

‖Dϕ‖Ψ 1
2

c2

(∫ T

0

∫

B

M(|Dun|) dxdt+ 1

)

≤ ‖ψ‖Ψ 1
2

‖Dϕ‖Ψ 1
2

c2

(∫ T

0

∫

Ωn

M(|Dun|) dxdt+ 1

)

from Theorem 1.46 and the third assumption on the stress tensor S ,

I4 =

∣∣∣∣
∫ T

0

ψ(t)

∫

B

ρnfn · ϕ(x) dx dt

∣∣∣∣ ≤
∫ T

0

|ψ(t)|‖ρn(t)‖Φβ
‖fn(t)‖Ψβ

‖ϕ‖∞ dt ≤

≤ c‖ψ‖Φβ
2

‖ρn‖L∞(0,T ;LΦβ
(B)‖fn‖LΨ β

2

(0,T ;LΨ β
2

(B))‖ϕ‖∞

in view of Theorem 1.47 and the fact that LΨ β
2

(B) →֒ LΨβ
, which dives the result

that ∂t(ρnun) are uniformly bouded in LΦ 1
2

(0, T ;W−1LΦ 1
2

(B)). Since ρnun are

moreover uniformly bounded in L∞(0, T ;LΦβ
2

(B)) and

W 1
0LΨ 1

2

(B) →֒ W 1
0LΨβ

(B) →֒ W 1,p
0 (B) →֒→֒ C(B) →֒ EΨ 1

2

(B),

i.e.

LΦ 1
2

(B) →֒→֒ W−1LΦβ
(B) →֒ W−1LΦ 1

2

(B)),

we can write (see [8, page 85])

ρnun → ρu in C(〈0, T 〉;W−1LΦβ
(B)). (5.7)

Now we are going to show the convergence of ρnun⊗un. For ϕ ∈W 1
0LΨβ

(B)

and ψ ∈ LΦ1
(0, T ) we have

∣∣∣∣
∫ T

0

ψ(t)

∫

B

(ρnun ⊗ un − ρu ⊗ u) : ϕ(x) dx dt

∣∣∣∣ ≤

≤
∣∣∣∣
∫ T

0

ψ(t)

∫

B

((ρnun − ρu) ⊗ un) : ϕ(x) dx dt

∣∣∣∣ +

+

∣∣∣∣
∫ T

0

ψ(t)

∫

B

(ρu ⊗ (un − u)) : ϕ(x) dx dt

∣∣∣∣ .
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For the first integral

∣∣∣∣
∫ T

0

ψ(t)

∫

B

((ρnun − ρu) ⊗ un) : ϕ(x) dx dt

∣∣∣∣ ≤

≤
∫ T

0

|ψ(t)|‖ρn(t)un(t) − ρ(t)u(t)‖W−1LΦβ
(B)‖un(t)ϕ‖W 1

0
LΨβ

(B) dt ≤ (∗),

whereas

‖un(t)ϕ‖W 1
0
LΨβ

(B) = ‖un(t)ϕ‖Ψβ ,B + ‖∇(un(t)ϕ)‖Ψβ ,B ≤

≤ ‖un(t)‖∞,Ωn
‖ϕ‖Ψβ ,B + ‖∇un(t)ϕ‖Ψβ ,B + ‖un(t) div ϕ‖Ψβ ,B ≤

≤ ‖Dun(t)‖M,Ωn
‖ϕ‖Ψβ ,B + ‖∇un(t)‖Ψβ ,Ωn

‖ϕ‖∞,B + ‖un(t)‖∞,Ωn
‖ div ϕ‖Ψβ ,B ≤

≤ c‖Dun(t)‖M,Ωn
‖ϕ‖W 1

0
LΨβ

(B),

where we have used Lemma 1.45 and the fact β > 2, thus

(∗) ≤ c‖ψ‖Φ1
‖ρnun − ρu‖C(〈0,T 〉;W−1LΦβ

(B))‖Du‖LM (0,T ;LM (Ωm))‖ϕ‖W 1
0
LΨβ

(B),

which converges to zero according to (5.7). For the convergence of the second

integral we use weak-∗ convergence (5.3). It is possible because

∣∣∣∣∣

∫ T

0

(∫

B

ρnun · ϕ(x) dx

)2

dt

∣∣∣∣∣ ≤
∫ T

0

‖ρn(t)‖2
Φβ
‖un(t)‖2

∞‖ϕ‖2
Ψβ

dt ≤

≤ ‖ρn(t)‖2
L∞(0,T ;LΦβ

(B))‖un(t)‖2
L2(0,T ;L∞(B))‖ϕ‖2

Ψβ
,

and thus ρnun arew bounded in L2(0, T ;LΦβ
(B)). Altogether

ρnun ⊗ un
∗
⇀ ρu ⊗ u in LM (0, T ;W−1LΦβ

(B)),

i.e. from uniqueness of the limit function

ρnun ⊗ un
∗
⇀ ρu ⊗ u in Lq(0, T ;LΦβ

(B))

for q ∈ [1,∞).
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In the case of ρnfn we have

∣∣∣∣
∫ T

0

ψ(t)

∫

B

(ρnfn − ρf )ϕ(x) dx

∣∣∣∣ =

∣∣∣∣
∫ T

0

ψ(t)

∫

B

(ρn − ρ)fϕ(x) dx

∣∣∣∣

and we can apply weak-∗ convergence (5.1).

Next obviously S(Dun)
M
⇀ S(Du) in LM(B× (0, T )) from (4.3) and the prop-

erties of S .

From definition of the open set it follows that ρ, u satisfy the equation

∂t(ρu) + div(ρu ⊗ u) + ∇ρ− div S(Du) = ρf in D′(Ω × (0, T )). (5.8)

Similarly to [9, str. 62] we prove that couple (ρ,u) satisfies in the sense of

distributions the identity

d

dt

∫

Ω

1

2
ρ|u|2 dx +

∫

Ω

S(Du) : Dudx −
∫

Ω

ρ div u dx =

∫

Ω

ρu · f dx. (5.9)

Nevertheless, for ρn, un we have (see Theorem 2.2)

d

dt

∫

Ωn

1

2
ρn|un|2 dx+

∫

Ωn

S(Dun) : Dun dx−
∫

Ωn

ρn div un dx =

∫

Ωn

ρnun ·fn dx.

(5.10)

After subtraction of the identities we obtain

∫ τ

0

ϕh(t)

(∫

Ωn

S(Dun) : Dun dx −
∫

Ω

S(Du) : Dudx

)
dt =

=

∫ τ

0

ϕ′
h(t)

(∫

Ωn

1

2
ρn|un|2 dx −

∫

Ω

1

2
ρ|u|2 dx

)
dt+

+

∫ τ

0

ϕh(t)

(∫

Ωn

ρn div un dx −
∫

Ω

ρ div u dx

)
dt+

+

∫ τ

0

ϕh(t)

(∫

Ωn

ρnfn · un dx −
∫

Ω

ρf · udx

)
dt,

where ϕh ∈ C∞
0 (0, T ), 0 ≤ ϕh ≤ 1, ϕh ↑ 1 for h→ 0 a.e. in [0, T ]. Let Q, Q ⊂ Ω,

be a suitable set generated by a finite unification of balls B ⊂ B ⊂ Ω. We treat
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the above integrals one by one

∫ τ

0

ϕ′
h(t)

(∫

Ωn

1

2
ρn|un|2 dx −

∫

Ω

1

2
ρ|u|2 dx

)
dt =

=

∫ τ

0

ϕ′
h(t)

(∫

Ωn\Q

1

2
ρn|un|2 dx −

∫

Ω\Q

1

2
ρ|u|2 dx

)
dt+

+

∫ τ

0

ϕ′
h(t)

∫

Q

1

2

(
ρn|un|2 − ρ|u|2

)
dx dt,

where ∫ τ

0

ϕ′
h(t)

∫

Q

1

2

(
ρn|un|2 − ρ|u|2

)
dx dt→ 0 for n→ ∞

from the weak-∗ convergence of ρn|un|2 in Lq(0, T ;LΦβ
(Q)), see (5.6), and

∫ τ

0

ϕ′
h(t)

(∫

Ωn\Q

1

2
ρn|un|2 dx −

∫

Ω\Q

1

2
ρ|u|2 dx

)
dt ≤

≤ c(h)
(
‖χΩn\Q‖Ψβ

+ ‖χΩ\Q‖Ψβ

)
< ε ,

as a consequence of (see [7, page 136]), the boundedness ρn|un|2 in Lq(0, T ;LΦβ
(Q))

and the suitable choice of Q depending on h. We argue similarly for

∫ τ

0

ϕh(t)

(∫

Ωn

ρnfn · un dx −
∫

Ω

ρf · u dx

)
dt.

For the remaining term we use the same method as at the beginning of Section

3 to derive from the continuity equations the identities

∫

Ωn

(
ρn(τ) ln(ρn(t) + δ) − ρn0 ln(ρn0 + δ)

)
dx = −

∫ τ

0

∫

Ωn

ρ2
n

δ + ρn
div un dx dt,

and

∫

Ω

(
ρ(τ) ln(ρ(t) + δ) − ρ0 ln(ρ0 + δ)

)
dx = −

∫ τ

0

∫

Ω

ρ2

δ + ρ
div udx dt,
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where δ ∈ (0, 1). Now we can take a ball B, Ω∪Ωn ⊂ B. From zero prolongation

of ρ and ρn and the convexity of functional
∫
B
ρ ln(ρ+ δ) dx we have

∫

Ω

ρ(τ) ln(ρ(t) + δ) dx −
∫

Ωn

ρn(τ) ln(ρn(t) + δ) dx =

=

∫

B

(
ρ(τ) ln(ρ(t) + δ) − ρn(τ) ln(ρn(t) + δ)

)
dx ≤

≤
∫

B

(
ln(ρ+ δ) +

ρ

ρ+ δ

)
(ρ− ρn) dx → 0 for n→ ∞

as a consequence of (5.4), and

∫

Ωn

ρn0 ln(ρn0 + δ) dx −
∫

Ω

ρ0 ln(ρ0 + δ) dx =

=

∫

Ωn

ρ0 ln(ρ0 + δ) dx −
∫

Ω

ρ0 ln(ρ0 + δ) dx ≤ c(n),

where c(n) → 0, n→ ∞. It follows from the foregoing estimates

∫ τ

0

ϕh(t)

(∫

Ωn

ρn div un dx −
∫

Ω

ρ div udx

)
dt =

=

∫ τ

0

(ϕh(t) − 1)

∫

Ωn

ρn div un dx dt−
∫ τ

0

(ϕh(t) − 1)

∫

Ω

ρ div udx dt+

+

∫ τ

0

∫

Ωn

δρn
δ + ρn

div un dx dt−
∫ τ

0

∫

Ω

δρ

δ + ρ
div u dx dt+

+

∫ τ

0

∫

Ωn

ρ2
n

δ + ρn
div un dx dt−

∫ τ

0

∫

Ω

ρ2

δ + ρ
div u dx dt ≤

≤ ‖ϕh − 1‖M‖ρn‖L∞(0,T );LΦβ
(Ωn))‖Dun‖LM (0,T ;LM (Ωn)) +

+ ‖ϕh − 1‖M‖ρ‖L∞(0,T );LΦβ
(Ω))‖Du‖LM (0,T ;LM (Ω)) +

+ δ‖Dun‖LM (0,T ;LM (Ωn)) + δ‖Du‖LM (0,T ;LM (Ω)) + c(n) ≤

≤ K(c1(h) + c2(n) + δ)

where c1(h) → 0 for h→ 0, c2(n) → 0 for n→ ∞ and δ can be arbitrarily small.
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Altogether

lim inf
n→∞

∫ τ

0

ϕh(t)

∫

Ωn

S(Dun) : Dun dx dt−
∫ τ

0

ϕh(t)

∫

Ω

S(Du) : Dudx dt ≤

≤ c1(h) + c2(h) (5.11)

Now we take a sequence of open sets Qk defined similarly as Q such that

Qk ⊂ Ω, |Ω \Qk| → 0, and functions

ψk ∈ C∞
0 (Qk), 0 ≤ ψk ≤ 1, ψk ↑ 1 a.e. in Ω.

From the monotonicity of the stress tensor S we infer

∫ τ

0

ϕh(t)

∫

Ωn

(S(Dun) − S(Dv)) : (Dun − Dv)ψk dx dt ≥ 0,

i.e.

∫ τ

0

ϕh(t)

∫

Ωn

S(Dun) : Dun dx dt ≥
∫ τ

0

ϕh(t)

∫

Ωn

S(Dun) : Dunψk dx dt ≥

≥
∫ τ

0

ϕh(t)

∫

Ωn

(
S(Dun) : Dv + S(Dv) : Dun − S(Dv) : Dv

)
ψk dx dt,

and thus letting n→ ∞ and using (5.11)

∫ τ

0

ϕh(t)

∫

Ω

S(Du) : Dudx dt ≥

≥
∫ τ

0

ϕh(t)

∫

Ω

(
S(Du) : Dv + S(Dv) : Du − S(Dv) : Dv

)
ψk dx dt.

In view of the Lebesgue theorem for k → ∞
∫ τ

0

ϕh(t)

∫

Ω

(S(Du) − S(Dv)) : (Du − Dv) dx dt ≥ −c(δ, h).

Since c(δ, h) is arbitrarily small we get using the Lebesgue theorem

∫ τ

0

∫

Ω

(S(Du) − S(Dv)) : (Du − Dv) dx dt ≥ 0.
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Then put v = u − λψ, where ψ ∈ C∞
0 (Ω × (0, T )) and λ > 0. As a consequence

to the monotonicity and the third property of the stress tensor S we infer

div S(Du) = div S(Du) in LΦ 1
α

(0, T ;W−1LΦ 1
2

(Ω)), α > 2.

Moreover, S(Du) ∈ LM (Ω × (0, T )) in view of (2.6), (2.8) and (2.9).

5.3 Energy inequality

In the same way as in [9] we deduce

d

dt

(∫

Ω

1

2
ρ|u|2 + ρ ln ρ dx

)
+

∫

Ω

S(Du) : Dudx =

∫

Ω

ρf · u dx

The energy inequality (2.11) can be derived similarly as in [1].
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Conclusion

In this Thesis we studied the behaviour of the variational solutions to Navier-

Stokes equations describing viscous compressible isothermal fluids with nonlinear

stress tensors in a sequence of domains {Ωn}∞n=1 which converges to a domain Ω.

We proved that the solutions converge to a solution of the corresponding Navier-

Stokes equations in Ω. The proof is based on the application of the theory of

Orlicz spaces. We also had to prove some basic lemmas for the Orlicz spaces of

Bochner’s type. We genaralized the existence-result from [4], [5] and [9], where

C2+µ-regularity of the boundary of the domain was required. The developed

technique can be applied to the shape optimization of the respective fluids.
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solutions to the compressible Navier-Stokes equations of a barotropic fluid
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