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Chapter 1

Introduction

Thepresented thesiswaswrittenwith the intention tosummarizeandcon-
solidate the authors’ published research focused on the potential of ma-
chine learning in quantum information processing. The researchwas car-
ried out at the Joint Laboratory of Optics, Palacký university and Institute
of Physics of Academy of Sciences of the Czech Republic1. This research
facility offered decades of collective experiences in quantum information
processing andmachine learning [1–3]. The author also collaboratedwith
theoreticians from the University of AdamMickiewicz in Poznan2.

Foundings presented in Chapters 3–5 are adopted from authors’ jour-
nal publications containing the original results. Declarations of author’s
contribution are attached in the Appendix.

Accuracyof entanglementdetectionvia artificial neuralnetworks
and human-designed entanglement witnesses

Based on Author’s publication: J. Roik, K. Bartkiewicz, A. Černoch, and K.
Lemr Physical Review Applied, vol. 15, no. 5, p. 054006, 2021 [A-1].

Quantumentanglement is one of themost intriguing phenomena ever
discovered by humankind. It has become a cornerstone formany applica-
tions, such as quantum cryptography [4], superdense coding [5], telepor-
tation [6], and quantum computation [7]. Therefore it is essential to know
how todistinguish entangled states. However, evennowadays, we still lack
efficient and general methods to do so.

117. listopadu 50A, 772 07 Olomouc, Czech Republic
2Uniwersytetu Poznańskiego 2, 61-614 Poznań, Poland
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Chapter 1. Introduction

Currently, the most popular methods are full-state tomography and
entanglement witnesses. Unfortunately, neither of them is optimal. Full-
state tomography offers a complete quantum state description but is ex-
perimentally demanding and scales undesirably with the complexity of
the investigating state. On the other hand, prominent entanglement wit-
nesses suchascollectibility [8], Clauser,Horne, Shimony,Holt (CHSH)non-
locality [9], fully entangled fraction [10], and entropywitnesses [11] do not
guarantee correct classification of the investigated state. The idea of using
a neural network to classify entangled stateswas initially demonstrated by
Gao et al. in 2018 [12]. However, they considered only entangled linear
witnesses, which allowed them to classify only a limited class of states.

Under thosepresumptions, we set our research goal to use the artificial
neural network as the nonlinear entanglement witness, aiming to max-
imize the classification success rate for all general two-qubit stats while
reducing required resources. The neural network performance was com-
pared against the prominent analytical witnesses for random general 2-
qubit quantum states.

Entanglement quantification from collectivemeasurements pro-
cessed bymachine learning

Based on Author’s publication: J. Roik, K. Bartkiewicz, A. Černoch, and K.
Lemr, Physics Letters A, vol. 446, p. 128270, 2022 [A-2].

The promising performance of the artificial neural network to detect
entangled states demonstrated in prior research [A-1] hasmotivated us to
extendour effort to amore general task. This follow-up researchaimednot
only to classify general two-qubit states but quantify them, i.e., determine
their degree of entanglement. Conventionally, onemust perform full state
tomography to reconstruct the investigated state’s densitymatrix and sub-
sequently calculate entanglement measures [13], which both scales unfa-
vorably with the complexity of investigated state.

The research goal was to employ the artificial neural network to reduce
the number of projections required for accurate entanglement quantifica-
tion based on the results of collectivemeasurement using aminimal set of
tomographic projections [14]. We investigated correlations between the
precision of the quantification as a function of themeasurement configu-
ration. The investigation was carried out on the general two-qubit states,
and thenegativitywasused as an entanglement quantifier [15]. In the end,
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Chapter 1. Introduction

theperformanceof the artificial neural networkwasbenchmarked against
the capabilities of the polynomial regressionsmethod.

Routing in quantum communications networks using reinforce-
mentmachine learning

Based on Author’s publication: J. Roik, K. Bartkiewicz, A. Černoch, and K.
Lemr, submitted (2023) [A-3].

With the recent evolution of quantum technologies, concepts such as
the large-scalequantumnetworks “quantuminternet”are steadilybecom-
ing a reality. Although we have already overcome many obstacles, few re-
main unaddressed [16]. One of the most crucial is identifying an effective
protocol for route-finding in a teleportation-basedquantumnetwork [17].
The quantum nature of these networks introduces properties unique to
the quantumworld, such as non-additive noise (amplitude dumping [18],
correlated phase noise [19]). Non-additive noise is the main reason we
cannot simply use classical graph path and tree-finding algorithms be-
cause they cannot handle non-additivity, which often leads to suboptimal
solutions.

In order tomaintain stable and safe communication, one needs to use
as error free roads as possible (i.e., find the optimal solution). Therefore,
we focusedour researcheffortson identifying theprotocol capableof route-
finding in a quantum network, emphasizing the maximization of the en-
tangled fraction between the shared state.

Inour research,wepromote reinforcement learning representedby the
proximal policy optimization (PPO) algorithm [20] as an efficient solution
to the outlined problem. This algorithm was benchmarked against the
Monte-Carlo search. Wedemonstrate the performance of both algorithms
on various scenarios set in the quantum network. 3

3Topology was inspired by one of the possible topologies of 6G networks [21].
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Chapter 2

Accuracy of entanglement
detection via artificial neural
networks and human-designed
entanglement witnesses

Text adopted from JanRoik, KarolBartkiewicz, AntonínČernoch, andKarel
Lemr, Physical Review Applied, vol. 15, no. 5, p. 054006, 2021 [A-1].

2.1 Introduction

Quantum entanglement is an intriguing phenomenon described almost a
century ago by Schrödinger, Einstein, Podolsky, and Rosen [22, 23]. Since
then many theoretical and practical papers alike, as well as vivid discus-
sions, were dedicated to this topic [24–26]. The ability to effectively detect
entangled state became essential mainly because of their application po-
tential in quantumcomputing [27], quantumcryptography [4], and quan-
tum teleportation experiments [28]. Themost robust way of detecting it is
viaa full state tomographyanddensitymatrix estimation [29]. Thismethod
allowsus toobtainall informationabout the state and thuscorrectlydetect
entanglement. Unfortunately this method is experimentally demanding
because the number of required projections grows exponentially with the
dimension of Hilbert space. There is also a variety of other methods that
do not rely on full-state tomography [9, 30–49]. These methods include a
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Chapter 2. ANNwitness 2.1. Introduction

wide range of linear entanglementwitnesses [30–35] of theCHSH-Clauser
Horne Shimony Holt type [9]. While for pure states, these methods give
similar results, their outcomesmight vary significantly whenmixed states
are considered. While requiring only a relatively fewmeasurement config-
urations, these witnesses can not reliably function without some a prior
information about the detected state. To circumvent this limitation, while
not resorting to state tomography, non-linearentanglementwitnesseshave
been proposed.

In 2011, Rudnicki et al. introduced a nonlinear entanglement witness
called Collectibility [43, 45]. For a visual demonstration of this concept
[see Fig. 2.1 a)]. For 2-qubit states, this witness requires two simultane-
ouslypreparedcopiesof the investigated state. ThenaBell stateprojection
is imposed on a pair of corresponding qubits from each copy and the re-
mainingqubits are subjected to localmeasurements. For a general 2-qubit
state, this requires a combination of 5 local projections and, thus, fewer
measurement configuration than full quantum state tomography which
includes at least 24 projections. One can further decrease the time needed
for aQST ifmeasurements canbeperformed inparallel onmultiple copies
of the investigated state. When dealing with unknown quantum states,
collectibility can detect amuchbroader range of states compared to linear
witnesses. Namely, it detects all pure entangled states. Unfortunately, it
detects entanglement of only a fraction ofmixed states. This shortcoming
is characterized by a rather big Type-II error (false negative), as we show
later. On the other hand, all states which are classified as entangled by
thismethod are classified correctly (Type-I error is null, there are no false-
positiveclassifications). Wedemonstrate that significant improvementcan
be reached when collective entanglement witnesses are devised using an
artificial neural network. As demonstrated by Gao et al. [12] and other
groups [50, 51], neural networks can be used to identify quantum states.
However, only linear entanglement witnesses were considered which sig-
nificantly limited the class of detected entangled states. Note that neural
network-based linear witnesses share the same shortcomings with their
analytical counterparts, which is the need for a prior information about
the investigated state.

We train a neural network to classify quantum states by providing it
with results of collective measurements and demonstrate its significantly
better performance over collectibility and other similar non-linear witne-
sses for a general 2-qubit state as well as for real experimental data for
a fixed number of measurement configurations. Moreover, we show the
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Chapter 2. ANNwitness 2.1. Introduction

-

-

Figure 2.1: a) Scheme of a collective measurement: two instances of the
investigated states ρ̂ are subject to simultaneousmeasurement. While one
qubit of each instance undergoes local projections, the other two qubits
are nonlocally projected onto a Bell state. These coincidence detections
canbe fed toanartificial neuralnetwork that can serveas anentanglement
witness or even entanglement quantifier (measure) for investigated state
ρ̂. b) Schematic depiction of the confusion matrix used for performance
evaluation of the ANN. TE - truly entangled, FE - falsely entangled, TS -
truly separable, FS - falsely separable, Sep. - separable, Ent. - entangled.
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Chapter 2. ANNwitness 2.2. Collective measurements

increasing capability of the neural network when provided with a larger
amount ofmeasurement configuration outcomes by comparing it against
three other analytical methods that require 12 projections, namely FEF –
fully entangled fraction [10,52,53], CHSH [9], andentropicwitness [11,54].
We use confusion matrix as a method of performance evaluation for the
ANN and previously known non -linear witnesses [see Fig. 2.1 b)]. Diago-
nal elements show the number of correctly labeled input states TE - truly
entangledandTS - truly separable furthermoreoff-diagonal elementspro-
vide information about falsely labeled input states FE - falsely entangled
and FS - falsely separable.

2.2 Collectivemeasurements

Although our idea can be generalized, we focus our investigation on the
entanglement of two-qubit states ρ̂. In order to perform collective mea-
surements on these states, one needs to start with the preparation of two
instances of ρ̂ resulting in an overall density matrix of the entire system
ρ̂4 = ρ̂⊗SWAP ρ̂ SWAP†; where the SWAP operator interchanges the order
of subsystems. Onequbit fromeach instance is projected locally, while the
remaining qubits undertake a nonlocal Bell-state projection. For the visu-
alization of this procedure, see Fig. 2.1 a). For a given pair of local projec-
tions, the result of collectivemeasurement is theprobabilityof a successful
singlet Bell-state projection imposed on the nonlocally projected qubits

Px y =
Tr[(ρ̂4

)(
Π̂x ⊗ Π̂Bell⊗ Π̂y

)
]

Tr[(ρ̂4
)(
Π̂x ⊗ 1̂(4) ⊗ Π̂y

)
]

. (2.1)

In this equation Π̂x and Π̂y are local projections onto single-qubit states |x〉
and |y〉, Π̂Bell denotes projection onto the singlet Bell state and 1̂(4) repre-
sents four-dimensional identity matrix [43]. One collective measurement
configuration corresponds to the choice of one Π̂x and one Π̂y . Obtained
set of B probabilities1 P (i )

x y ; i = 1, ...,B is subsequently fed to a neural net-
work for training togetherwith labelsobtainedby thePPT-Peres-Horodecki
criterion [55,56].

1In the original paper referred to asN here relabeled to avoid confusionwithNegativity.
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Chapter 2. ANNwitness 2.3. Artificial neural network

2.3 Artificial neural network

TensorFlow 2.0 [57] was used to programaneural network capable of clas-
sifying quantum states. We experimented with the complexity of the net-
work and our final layout of the network with 5 hidden layers containing
36,180,75,180, and 75 nodes respectively seems to be the optimal choice
to find a balance between obtained precision and computation time. The
proposed network is capable of assigning any quantum state with a value
w ∈ [0;1] which can be interpreted as a confidence factor from 0 (certainly
entangled) to 1 (certainly separable). We defined decision threshold ε to
convert the w values to a binary label: w < ε⇒ entangled, w ≥ ε⇒ separa-
ble. By changing ε value we make the network biased towards the desired
decision which allowed us to tune the trade-off between Type-I and Type-
II errors. The network was trained on 4× 106 samples and tested on the
other 4×105 samples with distribution containing 67.74% entangled states
and 32.26% separable states. Themain goal was to test the network against
collectibility, therefore, we start to train it using the same B = 5 projec-
tion settings. In the next step, we also tested capability of the network for
B = 3,6,12,15 projection settings.

2.4 Results

In thefirst step,wedecided to test theneuralnetworkwithdecision thresh-
old ε= 0.5 for a several amounts of projection settings B = 3,5,6,12,15. As it
turns out the neural network was capable of labeling entangled and sep-
arable states even using 3 projection settings with an overall success rate
of around 83.33%. For an increasing number of projection settings success
rate increased even further and reached 96.55% for 15 projections settings.
We plot the probability of incorrect decision as a function of the smallest
eigenvalue of the partially transposed density matrix ρ̂ (see Fig. 2.2).

As expected, the neural network struggles with the states close to the
PPTdecisionboundary (minimal eigenvalue close to zero). Unfortunately,
the neural network is, to some extend, prone to Type-I errors (separable
state classified as entangled). As it turns out the network is more likely to
make a mistake when classifying separable states than entangled states.
Our solution is to change the decision threshold ε to decrease the Type-I
error. Thismeans that we demandmore certainty from the network when
classifying the entangled state. By optimizing thresholds we manage to
find thevaluewhichsatisfiesaconditionofType-I error< 1%whichwefind
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Chapter 2. ANNwitness 2.4. Results

Figure 2.2: The result obtainedby theneural networkwithdecision thresh-
old ε= 0.5 for B = 3,5,6,12,15 and distribution containing 67.74% entangled
states and 32.26% separable states. In this graph probability of false pre-
diction is plotted against theminimal eigenvalue of a partially transposed
matrix.

acceptable. It is possible to arbitrarily decrease the Type-I error by sacri-
ficing the detection capability characterized byType-II error. Formore de-
tailed dependence of Type-I and Type-II error on threshold for B = 3,5,6,
12,15 see Fig. 2.3. In the next step we compared the network performance
against collectibility. The neural network fed by outcomes of the same 5
projection settings also required by the collectibility was able to correctly
classify 78.14% of all states while committing Type-I error of 0.96% (ε= 0.9).
Thisperformancevastly surpassed thecapabilityof theCollectibilitywhich
identifies only 36.59% of the states correctly (see Tab. 2.1). To further high-
light the potential of ANN we compared its performance with analytical
methods (FEF, CHSH, and EW) (see Tab. 2.1). The success rate of the ANN
surpass capabilities of FEF by 6.01%, EW by 34.01%, and CHSH by 46.01%
while committing Type-I error 0.24%. This means that if we can accept

- 9 -



Chapter 2. ANNwitness 2.4. Results

ANN
B 3 5 6 12 15

Type-I error (%) 0.93 0.96 1.18 0.24 0.22
Type-II error (%) 33.47 20.91 15.88 7.74 5.24
Success rate (%) 65.50 78.14 82.94 92.01 94.54

Collectibility FEF EW CHSH
B 5 12 12 12

Type-I error (%) 0 0 0 0
Type-II error (%) 63.41 14.00 42.00 54.00
Success rate (%) 36.59 86.00 58.00 46.00

Table 2.1: Comparison of the results obtained by ANN for B = 3,5,6,12,15
with prominent analytical methods (collectibility, FEF - fully entangled
fraction, EW- entropicwitness, CHSHnonlocality). BothType-I andType-
II errors are taken for decision threshold ε= 0.9 to ensureType-I error< 1%.

some Type-I error, it is possible to achieve amajor improvement in entan-
gled states detection using the neural network. Note that the purpose of
this research was not to use ANN simply to fit existing entanglement wit-
nesses, but rather to devise completely new ones that we later compare
with these already known analytical formulas.

We have investigated the possibility to derive approximate analytical
formulas from the parameters of trained ANNs. This is a rather complex
task and we were only able to find a reasonable formula for B = 3,5 mea-
surement configurations. Using logistic regression, a witness in the form
of

WB = [
1+e−zB

]−1 , (2.2)
where zB = ~wB · ~pB and ~p = (1,PH H ,PV V ,PHV ,PDD ,P A A) for ~w3 = (-2.3348,
19.3139, 21.5486, -11.4228, 0, 0) and ~w5 = (0.0009, 7.7967, 9.6227, -25.8294,
21.9 635, 22.0167) can be obtained. The states for whichWB < 0.05 are clas-
sified as entangled (separable otherwise). This decision boundary implies
Type-I error of circa 0.9% and Type-II errors of 57.5% and 44.8% corre-
sponding to B = 3,5 respectively. Type-I errors can bemade arbitrary small
by lowering the threshold value ofWB for classifying a given state as entan-
gled.

- 10 -



Chapter 2. ANNwitness 2.4. Results

Figure 2.3: Performance dependence of the ANNondecision threshold ε=
0.5, 0.95 with distribution containing 67.74% entangled states and 32.26%
separable states depicted as confusionmatrices for: a) B = 5 ; b) B = 15.
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Chapter 2. ANNwitness 2.5. Experimental implementation

2.5 Experimental implementation

Figure 2.4: Results obtained by neural network and collectibility respec-
tively from a real experimental data set B = 5. Black full dots show the
probability of a Werner state being labeled as entangled by the ANN. The
light-gray area covers the values of p which neither the neural network nor
collectibility canclassify correctly. Thedark-gray area represents the range
of p values forwhich theANNclassifies theWerner states correctly andcol-
lectibility fails. The dashed lines represent the decision thresholds ε = 0.9
and 0.5 respectively.

To verify the network capability we decided to further test it on a set
of real experimental data. For this purpose, we used the data set from the
first-ever Collectibilitymeasurement from 2016 [58]. In that particular ex-
periment, a class ofWerner states of the formof ρ̂w = p|ψ−〉〈ψ−|+(1−p)1̂/4,
was investigated. |ψ−〉 represents singlet Bell state, and 1̂/4 stands for the
maximally mixed state. We set the detection threshold to ε= 0.9 like in the
previous comparisons of the neural network with collectibility, to be con-
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Chapter 2. ANNwitness 2.6. Conclusions

sistent andmake test conditions as fair as possible. Results show that col-
lectibility can classify states with p > 0.89 as entangled witch corresponds
with its theoretical prediction. The neural network, on the other hand, de-
tects entangled stateswhen p > 0.44 (seeFig. 2.4). Note that it is known that
Werner states are entangled for p > 1

3 .

2.6 Conclusions

We trained a neural network to classify general qubit states based on non-
linear collective witnesses. Our main goal was to compare the capability
of this network against a prominent analytical representation of nonlin-
ear witnesses: the collectibility. The network can classify the general two-
qubit states significantlymore efficiently than collectibilitywith Type-I er-
ror < 1%. The ANN also surpasses FEF, CHSH, and entropic witness when
taught on 12 projections (the same amount needed by thementioned an-
alytical witnesses). Increasing the number of projection settings improves
the ANN’s decision evenmore. We further support this claim by using the
networkona real experimental data set. Thenetwork confirmed its poten-
tial by correctly labeling a broad range of states where collectibility fails.
Moreover, it achieved a Type-I error = 0 on Werner states. Our research
promotes the idea of using artificial intelligence towards a better under-
standing of the intriguing physical phenomena such as the entanglement.
We have demonstrated that the neural network can quickly train to be-
come a valid efficient collective entanglement witness. We have directly
compared itsperformancewithanalytical formulas. Usingnonlinearmea-
surements (on two copies of the state), our network operates completely
free of any a priory information that can bias comparison of its perfor-
mance with analytical counterparts. Moreover, we have shown that the
training performed on numerically generated states works very well on
real experimental data corresponding to states completelyunknownto the
ANN.

Becauseof technical limitationson thepossible complexityof ourANN
and on the number of samples processed in ANN training, reaching the
limit of zero Type-I error was not possible. However, we were able to tune
this error to a fraction of a percent by choosing a proper value of ε. By ex-
trapolating our results for the whole available range of ε,we conclude that
the limit of vanishing Type-I error is reached by the ANN for ε= 0.9822 and
ε = 0.9994 for 5 and 12 measurements, respectively. The Type-II errors for
these values of ε are 31.26% (5 measurements, about 32% better then col-
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Chapter 2. ANNwitness 2.6. Conclusions

lectibility) and 11.40% (12 measurements, 2.6% better than FEF). Thus, we
have demonstrated that the best known analytical methods for certifying
entanglementwitha fewmeasurements canbe further improved. Notably,
the 2.6% smaller Type-I error of ANNwith respect to FEF, means that ANN
fails relatively on about 20% less states than FEF using the same input.
This demonstrates that there is still a place for improvement in the the-
ory of experimentally-friendly entanglement detection. The extrapolation
of functional the dependence of Type-I and II errors on ε was performed
by fitting a quadratic and an exponential curve, respectively. We believe
that the high quality of both fits and the proximity of the lowest Type-I er-
ror data point to 0 justify our conclusions. We hope that our results will
stimulate further research in experimentally-friendly methods of classify-
ing quantum states.

Further to that, the theoretical assumption of zero Type-I error of an-
alytical witnesses does not hold operationally because of unavoidable ex-
perimental imperfections and finite precision of all measurements. As a
result, separable states close to the decision boundary may be misclas-
sified even using theoretically infallible witnesses. In this study, we have
allowed the ANN a Type-I error of about 1% which we believe is still an
admissible error that can be tolerated in practical implementations bur-
dened by the above-mentioned experimental imperfections. Note that in
case of 12 measurement configurations, the ANN misclassifies only 1 in
about400separable stateswhile simultaneouslymissclassifyingabout two
times less entangledstates then itsbestperforminganalytical counterpart,
the FEF.

- 14 -



Chapter 3

Entanglement quantification
from collectivemeasurements
processed bymachine learning

Text adopted from JanRoik, KarolBartkiewicz, AntonínČernoch, andKarel
Lemr, Physics Letters A, vol. 446, p. 128270, 2022 [A-2].

3.1 Introduction

Quantumentanglement shows immensepotential as a resource in various
research fields, such as quantum computing [27, 59, 60], quantum cryp-
tography [4] and quantum teleportation experiments [28]. Even though
entanglement has been studied for about a century now [22,23], finding a
method for its experimentally feasible quantification for general quantum
states is still an open and complex problem [61–64].

The most robust procedure so far seems to be the full quantum state
tomography [14,65], subsequent reconstruction of the densitymatrix [66],
and calculation of entanglement measures. These measures include neg-
ativity [15], concurrence, [52, 67] or relative entropy of entanglement [11,
68]. For a review, see Ref. [13]. The problem of full state tomography lies
in the unfavorable scaling of the number of measurement configurations
as a function of the Hilbert space dimension. Even for a two-qubit sys-
tem, one needs to apply at least 15 measurement settings while also in-
evitably obtaining some information on the investigated system that is ir-
relevant to entanglement quantification. In order to lower the number
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Chapter 3. ANN quantification 3.1. Collective measurements

of measurement configurations, entanglement witnesses have been pro-
posed [9, 30–49]. However, these instruments are designed to merely de-
tect entanglement and can be used asmeasures only in limited cases such
as quasi-pure states. The concept of nonlinear entanglement witnesses
has been introduced [69] as a countermeasure to alleviate the problem of
state dependency of entanglement detection. A noteworthy class of non-
linear witnesses is the class of so-called collective witnesses based on si-
multaneous measurement on multiple instances of the investigated state
[43, 45]. Entanglement measures can be estimated from collective mea-
sures as well. Analysis reveals that 4 copies of a two-qubit system need
to be investigated simultaneously which can prove experimentally too de-
manding [70]. We limitourselves tohaving simultaneouslyonly twocopies
of the investigated state to overcome this challenge. In this configuration,
the relationbetween theoutcomesof a collectivemeasurement andanen-
tanglement measure, say the negativity, is far from trivial.

Machine learning has penetrated many areas of science, helping with
finding complexmodels based on large data sets [71]. Artificial neural net-
works (ANNs) are particularly well suited for recovering of nonlinear de-
pendenciesas theyareeffectiveuniversal functionapproximators [72]. Not
surprisingly thus, ANNsandartificial intelligence, ingeneral, hasbeenused
to investigate properties of quantum states, such as entanglement detec-
tion [12,50,51], quantificationof variousproperties of quantumstates [73–
77], or compressed sensing [78, 79]. In this chapter, we use the predictive
power of ANNs to estimate quantum state negativity based on the out-
comes of collective measurement.

3.2 Collectivemeasurements and data generation

We focus our investigation on quantifying the entanglement of two-qubit
states ρ̂. The generation of the investigated states and collectivemeasure-
ments were handled similarly, as described in the previous chapter. This
investigation aims at efficient entanglement quantification in two-qubit
states using as few projections as possible. To achieve this goal, we take
inspiration from the concept introduced by Řeháček et al. called minimal
qubit tomography [14]. The authors established that the minimal set of
tomographic projections per one qubit consists of four projections corre-
sponding to states forming a tetrahedral inscribed into aBloch sphere (see
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Figure 3.1: Minimal set of tomographic projections visualized on
the Poincaré sphere by |a j 〉 vertices, where |a1〉 = 1p

3
(1,1,1), |a2〉 =

1p
3

(1,−1,−1), |a3〉 = 1p
3

(−1,1,−1), |a4〉 = 1p
3

(−1,−1,1). Black arrows represent
|H〉- horizontal, |V 〉- vertical, |D〉- diagonal, |A〉- antidiagonal, |R〉- circular
right-hand, |L〉- circular left-hand basis states.

Fig. 3.1). One possible set of these projections

Π̂1 = 1

4

(
σ0 + 1p

3

(
σx +σy +σz

))
,

Π̂2 = 1

4

(
σ0 + 1p

3

(
σx −σy −σz

))
,

Π̂3 = 1

4

(
σ0 + 1p

3

(−σx +σy −σz
))

,

Π̂4 = 1

4

(
σ0 + 1p

3

(−σx −σy +σz
))

,

(3.1)

is conveniently expressed in terms of Pauli matrices σ0,x,y,z [80].
Full two-qubit state tomography still requires at least 15measurements

for this optimal basis, assuming one knows constant state generation rate.
A density matrix ρ̂ can be estimated from the tomography, and the entan-
glement quantifier negativity is calculated as

NA = 2|min(λi )|, (3.2)

where min(λi ) is the smallest eigenvalues of partially transposed density
matrix ρ̂PT [15].
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Chapter 3. ANN quantification 3.3. Artificial neural networks

For the collective measurement approach to be beneficial, it needs to
require at most 7measurement configurations which is less than one-half
of the projections needed for a full state tomography (if we are using two
instances simultaneously). Because of the symmetry of ρ̂4, the collective
measurement is independent of the swap of local projections, i.e. Px y =
Py x . Using this fact and considering theminimal basis set Π̂1,..,4, the maxi-
mal independent number of collectivemeasurement configurations isB =
10 (see Tab. 3.1). To estimate negativity from a number of configurations
B < 10, only a subset of the probabilities Px y is selected as indicated in
Tab. 3.1. Finding an approximated analytical formulae for quantum states
negativity based on a specific number of collectivemeasurement configu-
rationsB is a tedious andconsiderably difficult task. To solve this problem,
we turn to the predictive power of artificial neural networks. To this end,
uniformly random two-qubit states ρ̂ are generated, and the respective
probabilities Px y (2.1), as well the analytical value of negativity NA (3.2),
are calculated using themethod described above.

3.3 Artificial neural networks

We have programmed the artificial neural networks capable of quantify-
ing thedegreeof entanglement in termsofnegativity for general two-qubit
states utilizing the technique of supervised learning. The input dataset is
a collection of feature vectors of length B filled with a subset of collective
measurement outcomes Px y according to Tab. 3.1. Each vector thus repre-
sents B collective measurements carried out on two simultaneous copies
of one randomly generated two-qubit quantum state. The output layer
(dataset) consists simply of the single value of negativity corresponding
to each input vector. The analytical value of negativity NA is calculated for
all randomly generated quantum states from their density matrices (3.2).

The ANN was trained on 4 ·106 feature vectors. A validation dataset of
1 ·106 independent feature vectors was used to implement regularization,
and the training was interrupted whenever a stop condition was reached
(mean square error on the validation set gets below 1 ·10−4 and for 10 con-
secutive epochs does not decrease further). In addition to that, a third in-
dependent test set of 1 ·106 feature vectors was used to obtain an unbiased
evaluation of the final model. Our ANN struck a balance between com-
plexity and efficiency, allowing us to obtain the best results using two hid-
den layers with 200 and 150 nodes, respectively as depicted in Fig. 3.2. De-
creasing the size of the layers by a factor of two already starts affecting the
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model precision, and increasing it by a factor of two does not bring any
benefits. Additional layers provide no improvement. The Rectified Linear
Unit (ReLU) activation function

ReLU(x) = x+ =max(0, x), (3.3)

where x is the input to a neuron, is used between all layers with the excep-
tion of the last hidden and the output layer. The output negativity (layer) is
calculatedusing theSoftPlus activation function, a smoothapproximation
of the ReLU function,

SoftPlus(x) = ln
(
1+ex)

. (3.4)

UsingSoftPlusbetween the lasthiddenandoutput layersoutperformsReLU
at this position. Weused adaptivemoment estimation as anoptimizer [81]
andmean squared error (MSE) as a loss function

MSE= 1

n

n∑
i=1

(NA −Np )2, (3.5)

where n represents the number of all training states, NA corresponds to
analytical values of negativity obtained from the density matrix, and Np

stands for the predicted value of negativity. Experimenting with dropouts
did not enhance the learning process.

In summary, the ANNs are used as universal function approximators
[72]. Their outputs can be expressed for a three-layer network as

f (x,W (1),W (2),W (3)) =φ3(W (3)φ2(W (2)φ1(W (1)(x)))), (3.6)

where forn = 1,2,3φn are element-wisenonlinear activation functions act-
ing on the result ofmatrixmultiplication ofweightmatricesW (n) (theANN
parameters). Theactivation functions, thenumberof layers, and theweight
matrix dimensions are presented in Fig. 3.2. For a single input sample, x
is a vector of B values representing the measurement outcomes given by
Eq. (2.1).

We tested the capability of the ANN for various numbers of projections
configurations B from 5 to 10, i.e., various lengths of feature vector B . For
details on exactmeasurement configurations used in the case of given fea-
ture dimensions B , see Tab 3.1.

As mentioned above, the maximal independent number of collective
measurement configurations isB = 10. Therefore,wechose this case asour
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Chapter 3. ANN quantification 3.3. Artificial neural networks

Figure 3.2: Topology of the final ANN model used for negativity NP pre-
diction from a vector of collective measurements of length B . Two hidden
layersareused, containing200and150nodes, respectively. ReLUandSoft-
Max are activation functions.

B Specific projections
5 Π̂1 ⊗ Π̂1,Π̂2 ⊗ Π̂2,Π̂3 ⊗ Π̂3,Π̂4 ⊗ Π̂4,Π̂1 ⊗ Π̂3

6 B = 5, ∧ Π̂2 ⊗ Π̂4

7 B = 6, ∧ Π̂1 ⊗ Π̂4

8 B = 7, ∧ Π̂1 ⊗ Π̂2

9 B = 8, ∧ Π̂2 ⊗ Π̂3

10 B = 9, ∧ Π̂3 ⊗ Π̂4

Table3.1: List of specificprojection settingsPx y for a givennumberofmea-
surements B . Note that B is consecutively the length of input feature vec-
tors in the ANNs.
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Chapter 3. ANN quantification 3.4. Results.

starting and reference point. From there, we gradually reduced the num-
ber of provided projections down to B = 5. The most impactful results are
obtained for B = 7 because, at that point, the number of projections drops
below one-half of the projections needed for a full state tomographymak-
ing this setting our primary success indicator. We used the coefficient of
determination R2

R2 = 1− SSr es

SStot
, (3.7)

and standard deviation

τ= 1p
n

√
n∑

i=1
((NA −Np )−µ)2, (3.8)

to quantify the capabilities of the ANNs. Where the total sum of squares
SStot and residual sum of squares SSr es are defined as

SStot =
∑

i
(NA − N̄ )2,

SSr es =
∑

i
(NA −Np )2,

N̄ = 1

n

n∑
i=1

NA ,

(3.9)

N̄ represents the mean value of analytically calculated negativity, and the
mean average is obtained as

µ= 1

n

n∑
i=1

(NA −Np ). (3.10)

3.4 Results.

First, we provided the ANNwith all available information about the inves-
tigated state (i.e., B = 10 projections) to set the benchmark. In this spe-
cific case, the ANN was able to reach R2 = 0.996 and τ = 0.01 (see Fig. 3.3).
For B = 10, network model gives our best approximation of the negativity
functionN (ρ̂)using only two copies of the investigated state and collective
measurements. In the next step, we reduced the number of projections to
B = 9. As expected, the performance of the network decreased to R2 = 0.993
and τ= 0.02. Further decrease in thenumber of projections toB = 8didnot
reveal anything noteworthy but merely confirmed the trend established
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Chapter 3. ANN quantification 3.4. Results.

Figure 3.4: The coefficient of determination R2 (represented by black back
columns) and standard deviation τ (represented by green front columns)
are plotted for all measurement configurations B to visualize trends in the
results.

above. Theperformanceof theANNtaughtonB = 7projections represents
themost notable result R2 = 0.976 and τ= 0.03 (see Fig. 3.3 for B = 7,10 and
Fig. 3.5 for other valuesofB) because, at thispoint,we reduced thenumber
of projections under the full tomography requirements. Obtained results
are similar to the limits of the analytical calculations performed on the es-
timated densitymatrix fromactual experimental tomography data. Those
calculations cannot be completely accurate due to unavoidablemeasure-
ment uncertainties, which usually contribute to final analytical errors by a
similarmargin, i.e., τ= 0.03 [82]. When thenumber of projections dropped
to B = 6 we noticed some decline in the prediction capabilities (R2 = 0.961
and τ = 0.04). Even for B = 6 measurement configurations, the observed
prediction error is still quite comparable to experimental full state tomog-
raphy. We tried to limit the number of projections as much as possible,
but we drew the line at B = 5. In this case, the ANNperformance pecked at
R2 = 0.841 and τ= 0.08. At this point, the prediction error is already signif-
icant, and therefore we did not proceed with further decreasing of B . For
an overview of the results, see Fig. 3.4.

In Fig. 3.3, we have also compared the ANN models to quadratic re-
gression models for B = 7,10. The ANNs use significantly more model pa-
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rameters than our regression models, but they performmuch better. The
coefficientofdetermination for theANNmodels is typically largerby 0.03 if
comparedwith the quadraticmodels. The typical rootmean square differ-
ence between the predicted values Np of the ANNs and quadratic regres-
sion models is circa 0.17, and it does not depend strongly on the number
of measurement configurations B . However, there is an actual benefit of
using the quadratic regressionmodels because by doing so, we are able to
directly obtain reasonably compact approximate analytical formulae for
negativity as functions of assorted collectivemeasurements. Note that re-
gression models up to the fifth order were also tested and did not outper-
form the ANNs.

3.5 Conclusions

The above-presented results demonstrate a significant potential of ANNs
together with collective measurements for entanglement quantification.
Even for B = 6 and 7measurement configurations, the collectivemeasure-
ment performs similarly to experimental full quantum state tomography
committing the predictive error of about 3% (in terms of standard devia-
tion). Considering that theparticular geometry of collectivemeasurement
also overlaps with the entanglement swapping setup [83], implementing
entanglement quantification using this configuration can prove interest-
ing for future quantum communication networks [84]. The method pre-
sented in this chapter can be used for effective entanglement quantifica-
tion in entanglement swapping-based communication networks. More-
over, ourprevious researchon thebinary classificationof entangled/ sepa-
rable states indicates that theANNtrainedonnumericallygeneratedquan-
tum states also performs especially well on noisy experimental data [A-1]
(at least on limited classes of quantum states). While nonlinear models
are expected to function poorly on noisy data, they could perform rea-
sonably well on data burdened with typical experimental error [70]. Al-
though this work investigates the quantification of entanglement that is
moredemanding thancomparison to simplerbinary classification,we feel
encouraged toconclude that the trainedANNsmayalsoperformadequate-
ly on experimental data. However, the development of corresponding ex-
perimental setup implementing the set of projectors (3.1) and gathering a
sufficient amount of real quantum state data goes well beyond the scope
of this investigation. The ANNs were implemented using the TensorFlow
2.0 [57] and Keras [85] libraries.
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Chapter 4

Routing in quantum
communications networks
using reinforcementmachine
learning

Text adopted from JanRoik, KarolBartkiewicz, AntonínČernoch, andKarel
Lemr, submitted (2023) [A-3].

4.1 Introduction

Efficient communication has played a crucial role in the evolution of all
civilizations since antiquity [86,87]. As the evolution continued, our soci-
ety began to globalize, and so have our communications needs, ultimately
leading to the introductionof the Internet [88]. Nowadays, even these clas-
sical communications networks seem outdated, facing the development
in the field of quantum communications [89]. The first proposed quan-
tum communications protocols were designed for a one-to-one quantum
keydistribution (QKD) [90–92]. Subsequent strategies to encompassmore
parties have been proposed [92, 93]. One promising approach is the so-
called teleportation-based quantum networks facilitated by standard or
controlled teleportation [94,95]. The idea is toconcatenatemany teleportation-
basedcells intoa largeglobalnetwork, i.e., thequantumInternet [96]. Many
studies have discussed this concept’s potential [97–99], the network’s pos-
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Chapter 4. PPO routing 4.1. Introduction

Figure 4.1: Schemes represent entanglement swapping from the initial to
the final point in the quantum communications network. a) Each node
possesses pair of particles belonging to two different entanglement states
symbolized by the two black balls inside the nodes, black line between
nodes depicts a quantumchannel, green node symbolizes the initial point
“Alice”, red balls depict intermediate nodes used for entanglement swap-
ping, and blue ball represents the final point “Bob”. Bell icon mark where
Bell measurement takes place and swap icon highlight where entangle-
ment swapping is carried out. b) Characterization of the road between the
initial and final point where F0, . . . ,Fn are singlet fractions shared by two
neighboring nodes.

sible topologies [100], platforms to realize it on [101], and fundamental
problems to overcome [16].

Quantum networks, however, aim beyond mere QKD, which we must
consider when designing quantumnetworks. Themajor problem that ne-
eds to be addressed is finding an efficient method for optimal dynamic
routing in these large-scale quantumnetworks. It seems that teleportation
(entanglement swapping) is, fornow, thebestmethod forestablishingcon-
nections between distant parties in quantum networks [102]. Also, note
that entanglement swapping is the core ingredient for quantum repeaters
[103] and relays [104], allowing combating unfavorable scaling of losses.
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The unique features of quantum information prevent reliably employing
classical tools such as shortest path and tree search algorithms [105]. This
investigation provides solutions to the routing problem in teleportation-
based networks using reinforcement machine learning. The connection
between two distant parties (Alice and Bob) in these networks is estab-
lished by repeated use of entanglement swapping by several intermediate
nodes resulting inanentangled state φ̂ sharedby theabovementionedpar-
ties, Alice and Bob (see Fig. 4.1) [83]. Once they share an entangled state,
Alice and Bob are free to use it for secret key sharing [4], quantum state
teleportation [6] or dense coding [106]. There are many possibilities to
quantify the quality of the repeated entanglement swapping and the qual-
ity of the shared entangled state between Alice and Bob [13,25]. We chose
the singlet fraction F as the figure ofmerit because for bipartite entangled
states, F can be directly used to evaluate the usefulness of φ̂ for quantum
teleportation [107]. Singlet fraction

F (φ̂) = max
|ψ〉

〈ψ|φ̂|ψ〉, (4.1)

is defined as themaximal overlap of the investigated state φ̂with anymax-
imally entangled state |ψ〉. Maximal achievable teleportation fidelity f of
a qubit state is then calculated as

f = 2F +1

3
. (4.2)

One can naively think that the singlet fraction of the final state shared by
Alice to Bob FAB is obtained as a product of singlet fractions of the en-
tangled states introduced in the repeated n entanglement swappings (see
Fig. 4.1)

FAB =
n∏

i=0
Fi , (4.3)

alternatively, one can establish an effective distance d between Alice and
Bob using a logarithm of the singlet fraction

d =− logFAB =−∑
i

logFi . (4.4)

However, this is not generally true. For example, in cases of amplitude
damping [18] or correlated phase noise [19], errors can cancel each other
out. If Eq. (3) and Eg. (4) were to hold, one should be able to assign a sin-
gle quantifier to each quantumchannel betweennodes anduse any graph
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path or tree-finding algorithm such as the Dijkstra algorithm and find the
route minimizing the distance d [108]. As we show later in this chapter,
this yields suboptimal solutions. Note that even prominent dynamic algo-
rithms such as Bellman-Ford [109] and A* [110] cannot handle these types
of errors.

One possible solution capable of handling quantum effects is a brute
force in the formof theMonteCarloalgorithm. Theonlydownside isMonte
Carlo’s exponential scaling with the number of nodes. Such a scaling be-
comes a game stopper, especially in the case of an evolving networkwhere
it needs to be repeatedly executed. Hence, a smarter strategy needs to
be adopted. In this chapter, we propose using the proximal policy op-
timization (PPO), an artificial intelligence-based algorithm developed to
solve complex evolving problems [20]. This algorithm is commonly used
in the gaming industry, where we found inspiration for how to approach
the routing problem. We designed our network as amap in a game for the
agent toplay, intending tofind theoptimal path through thequantumnet-
work. We compare the performance of the PPO against the Monte Carlo
and the Dijkstra algorithm demonstrating PPO’s virtues.

4.2 Quantum network topology

Wefoundthe inspiration forournetwork topology in the low-densityparity-
checkcode structure, oneof thepossible topologies considered fordesign-
ing the 6G networks. For the details on the topology, see Fig. 4.2 [21]. This
network simulates a real-world scenario where several local users form
groups connected among themselves by central nodes. We chose this par-
ticular topologymainlydue to its robustnessagainst local connectionprob-
lems, contributing to steady performance. In case of randommalfunction
in any specific node, this topology offers several possible reroutes to en-
sure stability. Eachconnection in thenetwork structure represents aquan-
tum channel using which two neighboring nodes share an entangled two
qubit state. For simplicity, we limit the network topology to a maximum
of 4 connections per node. Moreover, each node can perform entangle-
ment swapping, i.e., Bell measurement. All shared entangled states are
fully characterizedby their densitymatrices. This representation allowsus
to fully describe how noisy or damaged each connection is. We can easily
simulate different sources of disturbance, such aswhite noise in the chan-
nel or amplitude damping. These essential characteristics enable us to
simulate various scenarios in the communications network that we later
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Figure 4.2: This figure shows a visualization of the quantum communica-
tions network. The entangled photon pair marked “Alice” represents the
initial position for our agents, andblue circle named “Bob”marks the end-
ing point of the route. Full black lines set possible routes for entanglement
swapping, red thick lines highlight the optimal solutionunder ideal condi-
tions, and black cubes represent primary connection nodes between local
clusters.

present in the Results section.
The ultimate goal is to distribute entangled state between Alice and

Bob. Asmentioned in the previous section, the quality of this state is given
in terms of singlet fraction FAB , which we maximize. We cast this task as
a “game” for the tested algorithms to play. The final reward is received in
proportion to FAB . Every connection can be used in each game only once
because the used entangled pair is consumed in entanglement swapping.
We choose the initial and final users’ positions so that the agent can suc-
cessfully connect them in a given number of actions. Wemade the routing
in the network realistic by ensuring that even the unperturbed connec-
tions have a singlet fraction of the distributed state F = 0.99 by adding a
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corresponding amount of white noise, forcing the PPO algorithm towards
the shortest path solutions. To representwhite noise, wemodel the shared
entangled states in the form ofWerner states

ρ̂w = p|ψ−〉〈ψ−|+ (1−p)1̂/4. (4.5)

|ψ−〉 = (|01〉− |10〉)/
p

2 represents singlet Bell state, 1̂/4 stands for the maxi-
mallymixed state, and p is themixing parameter. Amplitude damping, on
the other hand, is represented by generalizing the Bell states |ψ−〉 to

|ψ−
g (θ)〉 = cos(θ)|01〉− sin(θ)|10〉, (4.6)

where θ ∈ [0; π2 ] is the damping parameter. Lastly, an arbitrary phase shift
can be described as

|ψ−
s (φ)〉 = (|01〉−e iφ|10〉)/

p
2, (4.7)

whereφ ∈ [0;π] is thephase shiftparameterand ifuncompensatedandran-
dom, renders the state shared between Alice and Bob effectively mixed.

4.3 Routing algorithms

We tested different algorithms capable to solve routing in quantum net-
works and compared their performance. Namely, we tested the PPO, Di-
jkstra algorithm, and Monte Carlo method on the quantum communica-
tions network. PPO is a policy gradientmethod for reinforcement learning
which usesmultiple epochs of stochastic gradient ascent to perform each
policy update. It is well known for the simplicity of implementation to var-
ious problems and overall performance compared to similar family algo-
rithms. We use stable baseline 3 framework [111] and its implementation
of the PPO in our work.

The PPO agents starts at Alice’s node. It can choose from at most four
actions corresponding to themaximumnumber of connections any node
can have. If the agent chooses an invalid action (i.e., a non-existing con-
nection), the game ends with a negative reward. If a valid link is selected,
the agentmoves to thenode connectedby the chosenconnection (action).
At this point, entanglement swapping is implemented, leading to a shared
entangled state between Alice and the connected node. Selecting action
and implementingentanglement swappingconstitutesoneaction. Amax-
imum of 15 actions limits the agent; if depleted, the game ends. The pre-
liminary reward is calculated at the end of each action using the formula
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Rp = FAi −FAi−1 . (4.8)
where FAi stands for the singlet fractionof thenewly establishedentangled
state while FAi−1 is the singlet fraction resulting from entanglement swap-
ping in the preceding action (FA0 = 1 in case of the first action). We tuned
the n-steps hyperparameter of the PPO according to the complexity of the
designed quantum network topology. Note that the n-steps hyperparam-
eter determines the number of actions the agent takes before updating the
parameters of its policy. We kept all other hyperparameters in default val-
ues because we did not notice significant changes when tuning them. It
is the reward function structure that has themost noticeable influence on
the agent’s performance. We save the PPO’s policy after every 100–5000
games based on the scenarios’ complexity. If the agent reaches the final
destination (Bob), it receives a final reward

R = 100FAB . (4.9)

In case of the Monte Carlo algorithm, we applied the same game rules
as for the PPO. So, we can obtain a straightforward comparison. The only
difference is that Monte Carlo chooses its actions randomly in each game
with no intelligent policy.

Dijkstra’s algorithm, on the other hand, needs more information and
the data structure of the task. Unlike the previous agents, it needs to know
the exact topology of the communications network ahead as well as infor-
mation about each connection. Therefore, theDijkstra algorithmdoes not
operate under the sameconditions as thepreviouslymentionedagents. At
the expense of requiring all the information, it is very efficient at finding
distance d from Alice to Bob.

4.4 Results

Firstly, we investigate routing in a quantum network burdened solely by
white noise. This scenario is close to the classical network because white
noise is additive and can not be compensated. In a quantum network,
however, other types of errors can occur. As examples of such errors, we
consider amplitude damping and correlated phase noise which we inves-
tigate in the second and third subsections. Finally, a dynamically evolving
network noise is considered in the last subsection.
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Intermediary
nodes
(count)

6 8 10 12 14 16

Number of iterations
PPO 780 1280 6880 7680 11840 41K

Monte Carlo 644 4310 95K 250K 4M 200M
Dijkstra 1012

Table 4.1: Results of the three agents applied to the networks of different
complexity. This complexity is parametrized by the minimal number of
intermediary nodes (first row of the table) that need to be visited in order
to find a valid routing solution. The number of iterations is the average
number of iterations required to find a solution for a particular topology.
HereM = 106 and K = 103.

4.4.1 Network affected by white noise

We start with a completely operational network. A singlet fraction F = 0.99
characterizes all connections. Optimal routing through this network be-
tweenAlice andBob involves 6 intermediarynodes. Thenwe started intro-
ducedamagedconnections (i.e., connectionswithF = 0.6), thus increasing
the number of the intermediary nodes (8,10,12,14,16) required for finding
the optimal solution. The performances of the three agents (PPO, Monte-
Carlo, Dijkstra) are summarized in Tab. 4.1.

TheMonte Carlo method offers comparable performance to PPO only
in the case of the simplest scenario (fully operational networkwith 6 inter-
mediary nodes to find a solution). The more complex the scenario is, the
more prominent the PPO’s performance gain becomes. More specifically,
in the case of a network where at least 16 intermediary nodes are required
to find a solution, PPO outperforms the Monte Carlo method by a factor
of about 5000. For visualization see Fig. 4.3. Given the additivity of white
noise, theDijkstra algorithmsignificantlyoutperforms thePPOandMonte
Carlo in these almost classical scenarios. However, the situation changes
with the introduction of purely quantum noise.
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Figure 4.3: The graph compares the performance of the PPO algorithm,
represented by the red (right) columns, and the Monte Carlo algorithm,
depicted by black (left) columns, on different scenarios requiring a given
number of passes through intermediary nodes in the quantum networks.

4.4.2 Network affected by amplitude damping

Amplitude damping, as introduced in Eq. 4.6, skews the amplitude bal-
ance towards one of the two components (|01〉 or |10〉). As a result, the
singlet fraction decreases. Two connections with mutual opposite com-
ponent damping can rebalance the amplitudes increasing the singlet frac-
tion (at the expense of overall losses). This feature is intractable by greedy
or dynamic algorithms such as Dijkstra, Bellman-Ford, or A*. In order to
use those algorithms, oneneeds to saveall preliminary solutions andcom-
pare them, which would cause exponential scaling of the algorithm com-
plexity. Ultimately, the agent needs to figure out that in order to complete
the task, it needs to find such a route where individual amplitude damp-
ing cancel each other out as much as possible. We forced the agent to use
this strategy by designing scenarios where the agent must choose at least
one amplitude-damped connection to reach the final destination. More-
over, the resulting singlet fraction is maximized when a second (opposite)
amplitude-damped connection is chosen by the agent. Similar to the pre-
vious subsection, we present the agent with scenarios ranging from 6–16
intermediary nodes.

The agents’ performance is summarized in Tab. 4.2 and plotted in Fig.
4.4. One cannotice that due to these complex initial conditions, theMonte
Carlo algorithm performs slightly better than PPO when the optimal path
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Intermediary
nodes
(count)

6 8 10 12 14 16

Number of iterations
PPO 1740 13K 14K 15K 54K 60K

Monte Carlo 1K 14K 94K 2M 5M 200M

Table 4.2: Results of the two agents applied to the networks of different
complexity, includingeffects suchasamplitudedamping. This complexity
is parametrized by the minimal number of intermediary nodes (first row
of the table) that need to be visited in order to find a valid routing solution.
The number of iterations is the average number of iterations required to
find a solution for a particular topology. HereM = 106 and K = 103.

consistsof 6 intermediarynodes. Bothmethodsshowsimilarperformance
for the8 intermediarynodes solution; asof 10 intermediarynodes solution
onward, the PPO significantly outperforms the Monte-Carlo. In the most
complex scenario, i.e. 16 intermediary nodes, the PPO outperforms the
Monte Carlo method by a factor of about 3300.

4.4.3 Network affected by correlated phase noise

This subsectiondemonstrateshowagentshandleanother typeof reversible
damage caused by the correlated phase noise. These scenarios are moti-
vated by one of the practical approaches towards quantum information
distribution proposed by Xu et al. [19]. TestingDijkstra algorithms is again
pointless for the reasons we mentioned in the previous subsection. To
demonstrate the versatility of the PPO agent, a brand new set of scenar-
ios involving 6-16 intermediary nodes were generated. In the current sce-
nario, the agent starts from the initial node Alice and in the first action, it
can only choose from paths damaged by the correlated phase noise. The
agent aims to search the network for a suitable path to reverse the initial
correlated phase shift. If successful, it must then find the final node, Bob.

Results of this test are shown in Tab. 4.3 andplotted in Fig. 4.5. One can
notice that in the case of the 6 intermediary nodes scenario, the Monte
Carlo slightly outperforms the PPO algorithm. However, the PPO agent
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Figure 4.4: The graph compares the performance of the PPO algorithm,
represented by the red (right) columns, and the Monte Carlo algorithm,
depicted by black (left) columns, on different scenarios in the quantum
networks where we also introduced connections affected by amplitude
damping.

performs significantly better for all more complex scenarios from 8 inter-
mediary nodes onward.

4.4.4 Evolving quantum network

Ultimately, we test the agents on dynamically evolving scenarios in our
quantum network. The agents’ goal in this final test is to maximize the
overall functionality of the network throughout the evolutions. These sce-
narios reflect the realistic behavior of real-worldquantumnetworkswhere
various errors appear at random places and times. The entire routing task
lasts for 106 iterations, during which the quantum network undergoes ten
scenarios (i.e., ten events when various connections become damaged or
unperturbed). The evolution continues regardless of the agent’s success.
In this final test, weuse all three typesof errors discussed inprevious chap-
ters, namelywhite noise, amplitudedumping, and correlatedphasenoise.
To make the interpretation of the results clear, we set some ground rules.
Suppose the agent finds a solution (i.e., a path betweenAlice andBobwith
F > 0.8) to the current scenario. In that case, it will use this solution for as
long as its singlet fraction remains F > 0.8 (i.e., until the scenario evolves).
PPO agent at that point also saves its current policy. After the situation
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Intermediary
nodes
(count)

6 8 10 12 14 16

Number of iterations
PPO 1320 2700 10K 20K 27K 39K

Monte Carlo 780 4672 45K 500K 4M 22M

Table 4.3: Results of the two agents applied to the networks of different
complexity, including effects such as correlated phase noise. This com-
plexity is parametrized by the minimal number of intermediary nodes
(first row of the table) that need to be visited in order to find a valid rout-
ing solution. The number of iterations is the average number of iterations
required to find a solution for a particular topology. Here M = 106 and K
= 103.

evolves, both agents search for a new solution. PPO starts searching from
the last saved policy and Monte Carlo randomly from scratch. Each evo-
lution introduces errors so that the previous solution is no longer valid
(F < 0.8). Hence agents need to find a new route. This condition does not
mimic the natural network behavior, but it is themost extreme casewhere
the PPO agent faces the most disadvantageous conditions. Resulting suc-
cess rates are shown in Fig. 4.6. From the obtained results, it is clear that if
we let agents deal with an undamaged or slightly damaged network (sce-
narios 1,2,10), both agents can keep the network functional for more than
95% of the time. If the scenario becomes a bit more complex (scenario
6), the PPO agent slightly outperforms the Monte Carlo agent. For even
more complex scenarios, Monte Carlo could not find a solution in a given
amount of iterations. Due to these poor results, Monte Carlo kept the net-
work functional for 37.5% of the overall time. On the other hand, the PPO
found a solution in 10/10 scenarios and kept the network functional for
93.4% of the overall time.

4.5 Conclusions

This investigation compares three different algorithms (PPO,Djikstra, and
MonteCarlo) for route-finding inquantumcommunicationsnetworks. We
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Figure 4.5: The graph compares the performance of the PPO algorithm,
represented by the red (right) columns, and the Monte Carlo algorithm,
depicted by black (left) columns, on different scenarios, staged in the
quantum networks where we also introduced connections causing corre-
lated phase noise.

benchmark these algorithms on various scenarios in a realistic network
topology using singlet fraction as the figure of merit. In these scenarios,
we introduce additive white noise as well as purely quantum errors such
as amplitude damping and correlated phase noise.

We explicitly show that the non-additivity of quantum errors prevents
traditional graph path or tree-finding algorithms (Djikstra) from finding
the optimal solution. While the Monte Carlo search allows finding such
optimal solutions, its exponential scalingmakes itsdeploymentprohibitive
in large complex networks. We demonstrate that reinforcement machine
learning in the form of the PPO algorithm circumvents the limitations of
both aforementioned approaches. It can copewith purely quantumerrors
and, simultaneously, does not suffer from unfavorable scaling.

Ournumericalmodel reveals that thePPOadvantageovermereMonte-
Carlo searchbecomes significantwhen thenumber of intermediary nodes
in the path increases (e.g., for 16 intermediary nodes, PPO outperforms
Monte-Carlo by a factor of several thousand). Moreover, in a dynamically
evolving quantum network, the PPO could maintain an operational route
for about 93% of the time, whileMonte Carlo for less than 38%. We believe
that our research further promotes reinforcement learning as an invalu-
able method for improving quantum communications.
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Chapter 5

Conclusions

“The saddest aspect of life right now is that science gathers knowledge faster
than society gathers wisdom.”

-IsaacAsimov

Humankind stands on the verge of a new era, “The golden age” of ar-
tificial intelligence. Tasks that were just a few years ago mentioned only
in the context of sci-fi literature are nowadays becoming reality. Despite
all recent breakthroughs, there still lies a long road ahead to unveil the full
potential of artificial intelligence. Based on the achieved results, artificial
intelligence has already earned its place as a valuable tool in research. The
author firmly believes that artificial intelligence has the potential to shed
some light on the fundamental problems of science. Further deployment
of artificial intelligence into fields such as quantum data processing may
significantly speed up the development of essential technologies, such as
large-scale quantum networks.

This thesis presented two fundamental problems of quantum physics
and one of quantum data processing. The first problem focused on opti-
mizing the detection of quantum states. The promising results in detect-
ing entangled states motivated follow-up research focused on quantify-
ing the amount of entanglement. The third research task was dedicated
to the problem of finding the optimal route in quantum networks. In all
three cases, the presented tasks have quantum nature, and to find the so-
lution, we deployed artificial intelligence. That is why Chapter 2 briefly
introduces the method and terminology of artificial intelligence and ma-
chine learning, and the second half of Chapter 2 establishes basic terms of
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quantum data processing.
Chapter 3highlights thepotential of artificialneuralnetworks tobinary

classify random two-qubit states as entangled or separable. Achieved re-
sults demonstrate that given the same amount of resources (i.e., the num-
ber of unique collectivemeasurements), ANN surpassed all tested analyt-
ical entanglement witnesses. Furthermore, we showed that ANN trained
on artificially generated data could be applied to actual experimental data
with similar success.

In Chapter 4, we discussed the generalization of the idea from Chap-
ter 3. Here we present the potential of the ANN not just to classify general
two-qubit states but also the capability to quantify their amount of entan-
glement. TheANNaimed tomatch thenegativity valuesobtained fromthe
full-state tomography. We showed that, given fewer resources, ANN could
stillmaintain comparablepredictioncapabilities as full-state tomography.
Furthermore, we demonstrated that ANN performs favorably in compari-
son with polynomial regression.

In the fifth chapter, we moved from the fundamental problems of qu-
antum physics to obstacles restricting progress in applied research. Here
we tested three conceptually different approaches toward route finding in
quantumnetworks. According toour results, the classical route-findingal-
gorithms struggle to find an optimal solution due to the presence of quan-
tum errors. On the other hand, the proximal policy optimization demon-
strated theability to solveevencomplex scenarios involvingdifferent types
of errors while maintaining favorable scaling. During the ultimate test on
theevolvingquantumnetwork, PPOdominated theMonteCarloalgorithm
and decisively proved its potential.

As a closing thought, the authorwants to declare that the presented re-
sults have already caught the attention of the broader scientific commu-
nity. Based on the results presented in Chapter 4, we established an inter-
national collaboration focused on the follow-up research with a promise
tounveil some fundamental dependencies of entanglementdetection. We
also plan to build an experimental setup capable of doing collective mea-
surements in the minimal set of tomographic projections to test the ANN
quantification of entangled states on a real-experimental dataset.
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[77] D. Koutnỳ, L. Ginés,M.Moczała-Dusanowska, S. Höfling, C. Schnei-
der, A. Predojević, and M. Ježek, “Deep learning of quantum

- 50 -



Bibliography Bibliography

entanglement from incomplete measurements,” arXiv preprint
arXiv:2205.01462, 2022.

[78] D. Gross, Y.-K. Liu, S. T. Flammia, S. Becker, and J. Eisert, “Quantum
state tomography via compressed sensing,” Physical review letters,
vol. 105, no. 15, p. 150401, 2010.

[79] C. A. Riofrio, D. Gross, S. T. Flammia, T. Monz, D. Nigg, R. Blatt, and
J. Eisert, “Experimental quantum compressed sensing for a seven-
qubit system,”Nature communications, vol. 8, no. 1, p. 15305, 2017.

[80] C. A. Fuchs andR. Schack, “Quantum-bayesian coherence,”Reviews
of modern physics, vol. 85, no. 4, p. 1693, 2013.

[81] D. P. Kingma and J. Ba, “Adam: A method for stochastic optimiza-
tion,” arXiv preprint arXiv:1412.6980, 2014.

[82] K. Jiráková, A. Černoch, K. Lemr, K. Bartkiewicz, and A.Miranowicz,
“Experimental hierarchy and optimal robustness of quantum cor-
relations of two-qubit states with controllable white noise,” arXiv
preprint arXiv:2103.03691, 2021.

[83] J.-W. Pan, D. Bouwmeester, H. Weinfurter, and A. Zeilinger, “Experi-
mental entanglement swapping: Entangling photons that never in-
teracted,” Phys. Rev. Lett., vol. 80, pp. 3891–3894, May 1998.

[84] V. c. v. Trávníček, K. Bartkiewicz, A. Černoch, and K. Lemr, “Experi-
mental diagnostics of entanglement swappingby a collective entan-
glement test,” Phys. Rev. Applied, vol. 14, p. 064071, Dec 2020.

[85] F. Chollet et al., “Keras,” 2022.

[86] S.Miyagawa, S. Ojima, R. C. Berwick, and K. Okanoya, “The integra-
tionhypothesis of human language evolution and thenature of con-
temporary languages,” Frontiers in psychology, vol. 5, p. 564, 2014.

[87] M. D. Hauser, The evolution of communication. Cambridge, Mas-
sachusetts: MIT press, 1996.

[88] B. M. Leiner, V. G. Cerf, D. D. Clark, R. E. Kahn, L. Kleinrock, D. C.
Lynch, J. Postel, L. G. Roberts, and S.Wolff, “A brief history of the in-
ternet,” ACM SIGCOMMComputer Communication Review, vol. 39,
no. 5, pp. 22–31, 2009.

- 51 -



Bibliography Bibliography

[89] N. Gisin and R. Thew, “Quantum communication,” Nature photon-
ics, vol. 1, no. 3, pp. 165–171, 2007.

[90] C. H. Bennett and G. Brassard, “Quantum cryptography: Public
key distribution and coin tossing,” arXiv preprint arXiv:2003.06557,
2020.

[91] A. K. Ekert, “Quantum cryptography and Bell’s theorem,” in Quan-
tum Measurements in Optics, pp. 413–418, Boston, MA: Springer,
1992.

[92] Y. Cao, Y. Zhao, Q. Wang, J. Zhang, S. X. Ng, and L. Hanzo, “The evo-
lution of quantum key distribution networks: On the road to the
qinternet,” IEEE Communications Surveys & Tutorials, vol. 24, no. 2,
pp. 839–894, 2022.

[93] M. Hillery, V. Bužek, and A. Berthiaume, “Quantum secret sharing,”
Physical Review A, vol. 59, no. 3, p. 1829, 1999.

[94] C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres, and W. K.
Wootters, “Teleporting an unknown quantum state via dual classi-
cal and einstein-podolsky-rosen channels,” Physical review letters,
vol. 70, no. 13, p. 1895, 1993.

[95] D. Gottesman and I. L. Chuang, “Demonstrating the viability of uni-
versal quantum computation using teleportation and single-qubit
operations,”Nature, vol. 402, no. 6760, pp. 390–393, 1999.

[96] H. J. Kimble, “The quantum internet,” Nature, vol. 453, no. 7198,
pp. 1023–1030, 2008.

[97] L.Gyongyosi andS. Imre, “Advances in thequantum internet,”Com-
munications of the ACM, vol. 65, no. 8, pp. 52–63, 2022.

[98] S. Wehner, D. Elkouss, and R. Hanson, “Quantum internet: A vision
for the road ahead,” Science, vol. 362, no. 6412, p. eaam9288, 2018.

[99] A. Singh, K. Dev, H. Siljak, H. D. Joshi, and M. Magarini, “Quan-
tum internet—applications, functionalities, enabling technologies,
challenges, and research directions,” IEEECommunications Surveys
& Tutorials, vol. 23, no. 4, pp. 2218–2247, 2021.

[100] L. Gyongyosi and S. Imre, “Topology adaption for the quantum in-
ternet,” Quantum Information Processing, vol. 17, no. 11, pp. 1–12,
2018.

- 52 -



Bibliography Bibliography

[101] K. Goodenough, D. Elkouss, and S. Wehner, “Optimizing repeater
schemes for the quantum internet,” Physical Review A, vol. 103,
no. 3, p. 032610, 2021.

[102] W. J. Munro, Y.-H. Luo, M.-C. Chen, M. Erhard, H.-S. Zhong, D. Wu,
H.-Y. Tang, Q. Zhao, X.-L. Wang, K. Fujii, et al., “Teleportation in
quantum edge networks (conference presentation),” in Quantum
Communications and Quantum Imaging XX, p. PC122380G, SPIE,
2022.

[103] H.-J. Briegel, W. Dür, J. I. Cirac, and P. Zoller, “Quantum repeaters:
the role of imperfect local operations in quantum communication,”
Physical Review Letters, vol. 81, no. 26, p. 5932, 1998.

[104] B. Jacobs, T. Pittman, and J. Franson, “Quantum relays and noise
suppression using linear optics,” Physical Review A, vol. 66, no. 5,
p. 052307, 2002.

[105] L. Fu, D. Sun, and L. R. Rilett, “Heuristic shortest path algorithms for
transportation applications: State of the art,” Computers & Opera-
tions Research, vol. 33, no. 11, pp. 3324–3343, 2006.

[106] K.Mattle, H.Weinfurter, P. G. Kwiat, and A. Zeilinger, “Dense coding
in experimental quantumcommunication,”Physical ReviewLetters,
vol. 76, no. 25, p. 4656, 1996.

[107] M. Horodecki, P. Horodecki, and R. Horodecki, “General teleporta-
tion channel, singlet fraction, and quasidistillation,” Physical Re-
view A, vol. 60, no. 3, p. 1888, 1999.

[108] K. Mehlhorn, P. Sanders, and P. Sanders, Algorithms and data struc-
tures: The basic toolbox, vol. 55. Berlin: Springer, 2008.

[109] R.Bellman, “Ona routingproblem,”Quarterly of appliedmathemat-
ics, vol. 16, no. 1, pp. 87–90, 1958.

[110] P. E.Hart,N. J.Nilsson, andB.Raphael, “A formalbasis for theheuris-
tic determinationofminimumcostpaths,” IEEE transactions onSys-
tems Science and Cybernetics, vol. 4, no. 2, pp. 100–107, 1968.

[111] A. Raffin, A. Hill, A. Gleave, A. Kanervisto, M. Ernestus, and N. Dor-
mann, “Stable-baselines3: Reliable reinforcement learning imple-
mentations,” Journal of Machine Learning Research, 2021.

- 53 -



Apendix

A-1



Palacký University Olomouc | Faculty of Science

17. listopadu1192/12 | CZ 771 46 Olomouc | Czech Republic | T: +420 585 634 060

www.prf.upol.cz

Confirmation of contribution

As the supervisor to Mgr. Jan Roik and corresponding author of his publications
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[3] J. Roik, K. Bartkiewicz, A. Černoch, and K. Lemr, “Routing in quantum com-
munications networks using reinforcement machine learning,” submitted (2023)

I hereby certify that Mgr. Jan Roik significantly contributed to the scientific inves-
tigation presented in these publications. Typically, he programmed the machine
learning models, evaluated obtained data and dominantly contributed to writing
of the manuscripts. Extracts of the publications directly quoted in his thesis are
of his own writing.

Olomouc, 6th March 2023 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

doc. Mgr. Karel Lemr, Ph.D.
Joint Laboratory of Optics






	Introduction
	Accuracy of entanglement detection via artificial neural networks and human-designed entanglement witnesses
	Introduction
	Collective measurements
	Artificial neural network
	Results
	Experimental implementation
	Conclusions

	Entanglement quantification from collective measurements processed by machine learning
	Introduction
	Collective measurements and data generation
	Artificial neural networks
	Results.
	Conclusions

	Routing in quantum communications networks using reinforcement machine learning
	Introduction
	Quantum network topology
	Routing algorithms
	Results
	Network affected by white noise
	Network affected by amplitude damping
	Network affected by correlated phase noise
	Evolving quantum network

	Conclusions

	Conclusions
	Author’s publications
	Bibliography
	Apendix
	Confirmation of contribution


